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Abstract
An analytical study was conducted on a submersible pressure hull composed of a hybrid-
sandwich cylindrical shell reinforced with circular frames. Unlike most sandwich plates,
the hybrid consists of a thin core with thick faces. Hulls fabricated from such plate when
employing a visco-elastic core exhibit inherent acoustic damping properties when radiated
with external noise. Typically, however, candidate core materials are several orders less
stiff than the faces. The study addresses failures due to hydrostatic pressure including
yielding and stability modes with regard to the reduced through-thickness shear rigidity. In
order to assess the feasibility of the structure, frame size and spacing are optimized for
each case. Results on hybrid plate buckling under hydrostatic pressure are verified by
experimentation on an unstiffened ring. Finally, approximate relations are derived which
consists of traditional equations adapted to use equivalent plate properties.
The analytical results indicate that only a modest reduction in diving depth results after
introducing cores which promise good acoustic performance. Furthermore, the depth
performance can be recovered by redesign of the hull resulting in a weight increase of less
than one percent. As the core stiffness is reduced below that of the face, the interframe
yield failure mode is most affected followed by general instability and interframe buckling.
At lower stiffness ranges, this order reverses. Theoretical through-thickness shear affects
were verified with reasonable agreement by conducting a buckling test on a steel ring with
an epoxy core. Finally, for some modes, the approximate relations developed agree well
with the more rigorous analysis and allow simple and accurate results to be computed.
Thesis Supervisor: J. Robert Fricke
Title: Assistant Professor
Acknowledgments
A great many people assisted me with the preparation of this work. I thank my
advisor Professor Robert Fricke for his guidance and enthusiastic support. I also thank
Professor T. Wierzbicki and Dr. M. Hoo Fatt for their assistance with the analytical
derivations. With the experimental work, I appreciate the help of James Gorman at Draper
Laboratory (testing) and Peter Morley of the Laboratory for Nuclear Science machine
shop (manufacture of the hoop specimen). Finally, I am grateful to Professor Jeff Reed
and Captain (retired) Harry Jackson for teaching me submarine design.
Dedication
To new daughter Katie and devoted wife Karen for showing me that life is more
than a career.
CONTENTS
Introduction
1.1 G eneral ..................................................... ..................... ...... ............. 11
1.2 Hybrid Plate Structural Properties ......................................... 12
1.3 A pproach.................................................................................. .......... 14
2 Approximate Formulae
2.1 Introduction....................................... ................................... 17
2.2 Traditional Formulae.......... ......... ................................. . ... ............ 17
2.3 Equivalent Properties................................................................. 19
2.4 Interframe Buckling.........................................................21
2.5 Interfram e Y ield.................................................................................. 22
2.6 G eneral Instability............................................................................... 23
2.7 Fram e M odes....................................................................................... 24
3 Interframe Buckling Theory
3.1 General Theory................................................. ..................... 25
3.2 Relations for Layered Plate...................................... ...... 27
3.3 Buckling Equations.............................................. ................... 30
3.4 Boundary Conditions.................................................................... 34
3.5 Solving the Buckling Problem.........................................36
3 .6 R esults..................................................................................................3 8
4 Interframe Yield Theory
4.1 G eneral ............................ .................................................... 41
4.2 Equilibrium Equations......................................................................... 42
4.3 Reduction of Differential Equation......................................................45
4.4 Solution of Shell Deflection Differential Equation............................. 47
4.5 Boundary Conditions.............................................. 49
4.6 Stress ................ ................................................................................ 52
4.7 General Comments on Stresses.........................................................55
5 General Instability Theory
5.1 G eneral...................................................................................... . ......... 59
5.2 E ffective W idth ........................................................................................ 61
6 Experimental
6.1 Introduction............................................................. ......................... 63
6.2 Specimen M anufacture........................................................................63
6.3 Hoop Tester...................................................... ........... ........... 64
6.4 Buckling Test...................................................... ........... .......... 66
7 Numerical Results
7.1 Introduction............................................................................................ 69
7.2 Effect of Changing Shear Rigidity Alone................................ ... 71
7.3 Effect of Reducing Core Stiffness......................................75
7.4 Weight Impact With Reduced Core Stiffness..................77
8 Conclusions and Further Studies
8.1 G eneral ................................................... ......................................... 81
8.2 C onclusions........................................................................................... 82
8.3 R ecom m endations................................................................................ 83
B ibliography........................................................... ............................................... 85
APPENDICES
A Properties of Layered Plate.............................................. ................. 87
B MATHCAD Spreadsheet SUBSTRC for Traditional Pressure Hull Design........91
C MATHCAD Spreadsheet HYBHUL1 for Approximate Failure Mode
Predictions of a Stiffened Sandwich Shell...................................................... 100
D Derivation of In-Plane Deflection Relations................................................... 106
E Hoop Dimensional Inspection Results.............................. 109
F H oop Buckling Calculations.......................................................................... 110
G Buckling Test D ata....................................................... ................................. 111
H MATHCAD Spreadsheet HYBHUL2 for Mode Failure Predictions of a
Stiffened Sandwich Shell Including Through-Thickness Shear........................ 112
LIST OF FIGURES
(i) Coordinate System for Cylindrical Shell Element.............................................10
1.1 Split Shell Pressure Hull.................................................... 12
1.2 Layered Plate Properties vs. Ratio of Core to Face Modulus........................... 13
3.1 Interfram e Buckling............................................... ...................................... 25
3.2 Distorted Plate Element Under Bending and Shear..................................28
4.1 Axi-Symmetric Plate Deflection......................... ...... ................. 41
4.2 Plate Deflection Slopes in Vicinity of a Frame................................ ..... 56
5.1 General Instability Failure................................................. 59
5.2 Circumferential Membrane Force Distribution in the Shell During Axi-
Symmetric Deflection................................................... ............ ........... 61
6.1 Hoop Tester With Pressure Bladder..........................................65
6.2 Hoop Tester Experimental Set-Up Showing Tester and Pressure Source..........65
6.3 Southwell Plot for Hoop Specimen.... .......................................................... 66
6.4 Southwell Plot for Hoop Specimen with Extrapolated Critical Pressure...........67
7.1 Critical Interframe Buckling Pressure vs. Through-Thickness Shear
Stiffness Proportion.....................................................73
7.2 Shell Deflections (total) vs. Axial Position for 10 Metre, HY 80 Baseline Hull
at 400 m depth with Infinite and Reduced Through-Thickness Shear Rigidity
x = 0 is Mid-bay and X=0.655 m is the Frame Location...........................74
7.3 Shell Deflections vs. Axial Position for 10 Metre, HY 80 Baseline Hull at 400 m
depth with Through-Thickness Shear Rigidity S = So / 10. x = 0 is Mid-bay and
x = 0.655 is the Frame Location ...................................................................... 74
7.4 Mode Performance Factors Including Through-Thickness Shear vs. Core
Stiffness for 10 Metre, HY 80 Baseline Hull at 400 m DepthEffects, with
tc/t= 10% , vc/vf = 1.0 .................................... ................. 76
B .1 H ull D im ensions Legend.............................................................. ................ 91
NOTATIONS and EXPLANATIONS
The following is a list containing symbols used throughout this thesis. Several symbols are
not listed here but are described in their sections. Generally, if a parameter uses a subscript
"c" or "f' it pertains to the core or face respectively. Omission of these implies that the
parameter is for the layered plate. Notation in computer codes may differ slightly.
A
As
b
B
c
C
Dx,Dy
E
Eq
f
F
F1,2,4
G
HE
HM
K
LD,LE
L, L s
Lef
m
Mx,My,MX
n
N
Nx,NY,Nxy
p*
P,P,
Q
coefficient of interframe buckling characteristic matrix, also frame area
effective frame area
frame web thickness which bears on shell
area ratio parameter in traditional formulation, also shell deflection
amplitude in interframe yield mode
eccentricity of hull (if used as a subscript - pertains to sandwich plate
core)
constant of integration in plate yield mode (represents mean shear
deflection)
bending rigidity of plate in the x- and y- direction
twisting rigidity of plate
Young's modulus in x- or y- direction
equivalent flexural modulus
subscript pertaining to sandwich face
shell deflection amplitude in plate yield mode
functions which describe shell deflection in traditional formulations
shear rigidity
bending effect, (bending)
bending effect parameter, (membrane)
bending effect near frame, also frame stiffness
differential operators used in interframe buckling mode
axial length between frame stiffener centres, between bulkheads
effective length of plate contributing to frame-plate moment of inertia
number of axial half waves
bending moment in the plate per unit span in the x-, y- and xy direction
number of waves around circumference in interframe buckling
deflection coefficient in traditional formulations
force per unit span in shell in the x-, y-, and xy (transverse) direction
critical axi-symmetric buckling pressure of a cylinder under axial loading
hydrostatic pressure, pressure to cause failure by buckling
components of the reduced stiffness matrix for a plate, also shear force
shear force per unit span in shell:
"y" in the yz plane
R radius of hull to centre of shell
Sx, Sy S,,S shear rigidities of plate in x-, y-, and xy (transverse) directions
So  reference through-thickness shear rigidity of solid plate of face material
t thickness of shell (or layer)
t ,  equivalent extensional shell thickness (biased to face material)
t, equivalent flexural shell thickness
tb equivalent dimensional shell thickness (used for final stress equation)
u axial displacement of the shell, x- direction
v circumferential displacement of the shell, y- direction
w, w,wi radial displacement of the shell, z direction
"0" pre-buckled state
"1" buckling increment
x axial coordinate
y circumferential coordinate (y = OR)
z radial or through-thickness coordinate
Ax, Ay, Axy extensional rigidity of plate in x-, y-, and xy direction
a axial buckling wave number also frame / plate area ratio
3 circumferential shell deflection and buckling wave number also frame
flexibility parameter in traditional formulations
ex,8y, strain in the x- and y- directions
X1,3 roots of characteristic equation for shell deflection in interframe yield
y pressure ratio
Sx,5Y shear strain angle in the xz and yz planes
0 slenderness parameter in traditional formulations
v, vx, Vy Poisson's ratio, also in x- and y- directions
V 1,2,3,4 shear influence parameters in interframe yield mode
ax,C, stress in the x- and y- directions
I shear stress
F frame deflection parameter in traditional formulation
"x" in the xz plane
COORDINATE SYSTEM
L, VV
Axis of Symmetry
Figure (i) Coordinate System for Cylindrical Shell Element
Nx
Qy
CHAPTER 1 - INTRODUCTION
1.1 GENERAL
Acousticians have theorized that a submersible pressure hull fabricated from
layered plate containing a visco-elastic core would have inherent vibration attenuation
characteristics [5 & 11]. When an active sonar transmission, or other type of water borne
noise contacts the submersible, the energy excites helical shear waves. These spiral down
the hull, where some of the energy reflects back from the pressure hull end caps while
other energy is radiated back into the water. The strain field experienced by the hull
plating (referred to as the shell) while conducting this wave is a shearing through the
thickness where relative motion, in the plane of the plate, is experienced by the inner and
outer fibers. By placement of a visco-elastic material at the plate neutral axis, kinetic
energy is converted to thermal energy thus damping the transmission. This damping effect
would occur in both a stiffened and unstiffened hull. The phase coined for this type of hull
configuration is the "split shell".
Guo [5] has derived an equation for the effective loss factor for the split shell as
,_ + _Av Evt v 1- v2
r = , where =  - (1.1)
1+ I Et
, 1- v,
where "s" and "v" refer to properties of the parent metal (steel in this case) and of the
visco-elastic material, 71 = loss factor, E = Young's modulus, t = thickness, and v =
Poisson's ratio. Because the loss factor of the visco-elastic material will be much higher
than the steel's, it can be seen that increasing the core's Young's modulus or thickness
will increase the plate's effective loss factor. Materials with high loss factors however,
usually have moduli significantly lower than metals.
Because of the acoustic advantages, this new concept could find use in military
submarines and also in various submersibles such as AUVs and torpedoes. The acoustic
effects of such a split shell are known but many questions have to be answered including
structural performance, fabrication, and maintenance before such a hull could be put in
service.
From a structural point of view designers usually consider the use of sandwich
plate in order to save weight. Traditionally these consist of low density, thick cores
laminated between stiff outer layers. The split shell is referred to as a hybrid sandwich due
to its thin core and thick facings.
Plate with Visco-
Elastic Core
End Cap Frame
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Figure 1.1 - Split Shell Pressure Hull
1.2 GENERAL HYBRID PLATE PROPERTIES
Appendix A derives the necessary formulae for computing the engineering
properties of the notional three layered plate. Classical lamination theory is used to derive
extensional and bending stiffness. That is, the hybrid plate is modeled as a single layer but
with special properties. In this thesis all properties considered are "static" in nature, i.e.,
the differing properties of a visco-elastic material at various strain rates are not
considered. Moduli used will be the material's at a zero rate of strain. In this sense, the
results will be conservative in comparison to the higher values at higher strain rates.
Using equations (A2), (Al l), and (A20), figure 1.2 models a three layered symmetric
plate containing a core of thickness one tenth that of the entire plate (referred to as a 10%
core). As the core's modulus is decreased to fractions of that of the facing material the
extensional (A), bending ( D ), and through-thickness shear ( S ) rigidities decrease. The
bending stiffness is hardly affected, the extensional only slightly, but the through-thickness
shear rigidity reduces drastically.
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Figure 1.2 Layered Plate Properties vs. Ratio of Core to Face Modulus
Traditional analysis of thin cylindrical shells does not include through-thickness shear
effects. This is because their consideration greatly complicate stress and buckling
equations with only a negligible effect on the outcome. Depending on the assumptions,
this is usually a valid decision. For the layered plate however, considerable shear deflection
is possible. Despite this concern, the direct through-thickness extentional strain, ez , is still
regarded as negligible as in classical thin plate theory. This is because the core materials
are still relatively incompressible and, even for high local stresses, the thin core
configuration is expected to prevent any material relocation. This implies an important
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assumption that the core will remain bonded to the facings for the entire elastic range of
the plate. These assumptions are in keeping with the findings of Calcote [1] where
through-thickness strain is considered to be negligible with a core stiffer than three orders
less than that of the faces.
1.3 APPROACH
This thesis will show that the effects of through-thickness shear deformation are
important for configurations such as the hybrid sandwich. In chapter 1, standard formulae
for assessing reinforced shells under hydrostatic pressure will be amended to use the
"equivalent" properties of the sandwich plate. These are considered approximate as they
do not account for through-thickness shear deformation. Chapter 1 serves several
purposes including providing an introduction to standard pressure hull structural design
methodology. In it, a baseline pressure hull is designed which is later subjected to the
analysis which considers through-thickness shear in all failure modes, either by treating the
latter as a variable or by introducing a soft core of a reduced modulus. The suite of
formulae used are obtained from various unclassified sources and are considered up to
date in military submarine design intended for operation in the buckling dominated region.
The failure modes considered are:
1. Interframe buckling (sometimes referred to as lobar buckling),
2. Interframe yield (also called plate yield),
3. General instability (also referred to as compartment collapse),
4. Frame yield, and
5. Frame instability.
Of these, the last two concern the frames in isolation and, as such, their analyses are not
directly affected by the plate properties. That is, once the load transferred from the plate
to the frames is known, the frame modes can be computed in the standard manner.
Therefore, their formulations in the case of the hybrid plate require only minor changes.
The first three modes, however, require a complete re-evaluation in terms of assumptions
and constitutive properties used to derive the formulations. These are contained in
chapters 2, 3, and 4 where a more rigorous "from scratch" approach includes through-
thickness shear effects to predict buckling and yielding of the hull. The failure modes
could be termed global in that they concern the entire pressure hull structure and do not
consider local or micro scale effects with the hybrid plate. In doing so there is as inherent
assumption that the plate will not experience delamination, individual ply failure, or other
local effects.
In each mode, the sandwich considered is always a symmetric laminate but it is not
necessarily composed of isentropic layers. Each layer may have differing properties in the
major axis of the structure. This type of configuration using, for example, carbon fiber
materials, are able to optimize their strength where the stress is highest. To permit their
eventual use in this work, analytical derivations will be done recognizing the properties in
the main axis of the shell (axial and circumferential). In the analysis and spreadsheets, the
frames are assumed to be of the same material as the faces in the sandwich. If different
materials are considered, appropriate corrections will be needed.
Since the true global measure of the hull's performance is its weight to buoyancy
ratio, the hybrid hulls will be optimized and compared on this basis while satisfying all
structural criteria. An experiment was conducted on a hybrid structure in order to verify
the analytical results. These are detailed in chapter 6.
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CHAPTER 2 - APPROXIMATE FORMULATIONS
2.1 INTRODUCTION
In this chapter approximate formulae are developed for all five modes of submarine
pressure hull failure discussed in chapter 1. They are approximate in that they continue to
use the same assumptions that the designers use for a stiffened cylindrical of solid plate.
Hence, the only changes made are with the material properties. That is, the plate is treated
like a solid plate with a certain bending and extentional rigidity, and these values are then
used in the well established formulae. The derivations will differ from those in the latter
chapters in that here, the through-thickness shear rigidity will be considered as infinite
which is consistent with original assumptions used to develop the formulae. General
descriptions of each failure mode are left to the latter chapters where they are explained in
detail.
2.2 TRADITIONAL FORMULAE
As a means of introduction, appendix B contains the spreadsheet SUBSTRC in
MATHCAD code that computes the factors of safety in the five modes of interest. The
nature of the information in each mode is summarized in table 2.1. The original factors of
safety typically used by the USN will also be used in this thesis. Their use presumes
MODE SOURCE FACTOR OF SAFETY
Interframe Buckling PNA [2] 2.25
Interframe Yield Pulos-Salerno [14] 1.5
General Instability Jackson [7] Kendrick [10 ] 3.75
Frame Yield Jackson [7] 1.5
Frame Instability Jackson [7] 1.8
Table 2.1 Summary of Information on Failure Modes
application to a manned vehicle. If the submersible is instead remotely operated, some of
the mode safety factors could be relaxed.
The spreadsheet version in appendix B contains the results of the baseline hull
design which will be subjected to further quantitative study in the later chapters. Because
the baseline hull has all factors of safely exactly satisfied, it represents a realistic pressure
hull design. Its assumed requirements are listed in table 2.2.
Table 2.2 Owner's Requirements andMission of Baseline Hull
Operating depth is defined as the depth to which to submarine may be taken an unlimited
numbers of times in its life. Note that the material and accuracy of fabrication must be
specified up front. These may vary widely on the builder and his capability, technology and
the money that the owner is willing to spend.
The design summary of the pressure hull from these requirements is listed in table
2.3. For the baseline hull a buoyancy ratio of 19.005 percent was achieved. This is the
ratio of pressure hull weight to buoyancy per unit length. For this calculation it is assumed
that at the boundaries of the compartment, a king frame is utilized which has a cross
sectional area three times that of the regular frames. For each compartment, the weight of
one king frame is smeared over its length.
The methodology used in the failure modes is as important as the formulae
themselves. For example, because of the non-linear nature of the critical pressure, one
cannot conclude that a (normalized) factor of safety in a mode of 0.75 means that the hull
can safely operate at a pressure of the assumed depth multiplied by 0.75. For simplicity, all
spreadsheets have been set up to compute a new pressure from the factor of safety. This
OWNER'S REQUIREMENT VALUE
Operating Depth 400 metres
Diameter 10 metres
Material HY-80
Hull eccentricity 0.50%
requires manual iterations for some modes and the procedure is described fully in section
7.2. Appendix B also contains a user's manual for the spreadsheet.
Table 2.3 Baseline Scantlings, Dimensions and Other Particulars
2.3 EQUIVALENT PROPERTIES
In this and the following sections equivalent properties are developed and utilized
in the traditional formulae. This is based on the work of Huang [6] who performed the
preliminary work for the split shell design. Equivalent properties needed for use in the
traditional formulae are: t, E, D, A, v, and I. Of these, the bending and extensional
rigidities have been defined in appendix A. Also, appendix A demonstrates that the stiffer
and thicker face material will dominate the core thus giving the layered plate the same
Poisson's ratio as the face. This leaves the thickness and modulus to be determined. For
the approximate formulae, no distinction will be made between properties in the x- and y-
direction.
To correct the traditional formulae (shown in appendix B) it must first be decided
if the particular term is extentionally or bending related. Generally, for a material we can
relate the modulus and thickness to the equivalent bending and extentional rigidities.
PARAMETER VALUE
Plate Thickness 4.91 cm
Frame Spacing 1.31 m
Compartment Length 20.85 m
Web Thickness 2.0 cm
Web Height 38.4 cm
Flange Thickness 5.00 cm
Flange Width 18.0 cm
Buoyancy Ratio 19.005 %
Doing this for the layered plate we can derive the equivalent properties for bending:
(,IV 
1/2
-E D=lV , (2.1)
and teq =1 2  (2.2)
In developing the equivalent extentional thickness, it is necessary to "bias" the value to
one component of the layered plate:
t, = 2 = t + to . (2.3)
Ef Ef
It will be seen later that it is convenient to bias t, to the face material, i.e., if one thinks
of the layered plate as a whole, having a modulus equal to the face, it would act like a
plate of thickness t%, in an extentional manner. The equivalent extentional modulus is:
1- v2 1
E- A=(Ef tf +Et). (2.4)
t t
Note that Eeqteq = Ete.
The moment of inertia of the layered shell is found in the usual way except we
must also bias it to a layer, again with the face material;
t/2
I= E Ez•dz. (2.5)
-t/2
Alternately, we can define the moment of inertia in terms of the bending rigidity as
follows: I = D (2.6)Ef
Finally, Huang [6] defines another thickness needed for the calculation of stress in the
plate. The problem is that the stress distribution is related to the real dimension in the
layer. To use the traditional stress formulae, the correct thickness must be found such that
o=+aPR/t, (2.7)
where P is the applied pressure, and a is given by different expressions depending on the
application. In this case, the bending stresses are of the form
a = vFHM,E. (2.8)
But for a simple plate the stress is given by
a=+ 6M/t2. (2.9)
Solving for the moment in (2.9) and substituting (2.7) one gets
M = aPRt/6, (2.10)
but for the layered plate M is a function of the equivalent thickness such that,
M= aPRtq /6. (2.11)
We can now substitute this expression into the normal expression for stress, a = +M c / I,
aPRt
to get: a =+ t / 2. (2.12)61
Now (2.7) can be equated to (2.12) realizing that the undetermined thickness is that of
(2.7) such that the expression is true. We can denote it as, tb, which is the equivalent
thickness used as the geometric coordinate to compute bending stress, i.e., the
denominator in the stress equations. Thus we can state
aPR aPRt
= t/2, (2.13)
tb 61
and solving for the equivalent thickness (stress),
12I
tb =121 (2.14)
t-tq
2.4 INTERFRAME BUCKLING
With the judicious use of the derived equivalent terms, the traditional formulae
contained in appendix B can be amended. For the interframe buckling mode this amounts
to changing one equation, the Windenburg formula, as follows:
2.42E (t, / 2R)"
P ( = 2 - . (2.15)
(L/2R-0.45 t/2R 1- v22) °
Unfortunately, the derivation of this original formula is not available which would be
useful in deciding if terms are extentional or bending in nature. It is known however, that
simply supported boundary conditions are assumed and that in-plane strains play only a
small role in this mode. Thus equivalent terms derived from bending are used. Also we can
say that if the modulus of the material is halved, the resultant critical pressure should also
be halved. This is what happens in (2.14) thus giving confidence in its result.
2.5 INTERFRAME YIELD
Unlike the interframe buckling, the interframe yield mode computation relies on
many terms - both dimensional and nondimensional. The first step in amending the
equations necessary for this mode is to change the preliminary ones. The changes will be
the same as shown by Huang [6] except where noted. The final result is shown in the
spreadsheet at appendix C.
AREA RATIO: B = t (2.16)
A+bt,
where A is the frame area and b is the web width contacting the frame.
-[3(1- v2) 0.25
SLENDERNESS PARAMETER: 0 = L R- 2 . (2.17)
2N
FRAME FLEXIBILITY PARAMETER: 3 Ef 1bt
+bt 31-
E,
(2.18)
P R 3
PRESSURE RATIO: Y = 3(1-v) . (2.19)
2Eeq eq
Huang has (2.18) written with simply the frame area, A, in the denominator. However
Joelson [8] in his work with a bi-metal stiffened cylinder corrects this area recognizing that
whenever the frame and plate have differing material moduli this cannot be done. Thus the
area is assumed to be of the same material as the face so is multiplied by the face to
equivalent modulus ratio.
Next expressions for stress are corrected with equivalent terms. Again, the idea
here is to correct the terms with the proper thickness. Generally, the first term(s) is a
membrane or hoop stress and the last is a bending stress. Equations (2.20-23) developed
by Huang [6] are not actually used in spreadsheet at appendix C but are included here for
completeness. Instead, alternative formulae found in [7] and [14] are used (see appendix
B). Each method will give the same result but each uses components organized into
different convenient functions. Those used in this thesis compute the stress function
components from the (2.16-19).
MID-BA Y CIRCUMFERENTIAL:
oy(mio) = -P + + VHE -PR [1+F H ±_ vHE .t_ -t b  te b
where the subscripts "I" and "o" refer to the inner and outer plate fibers.
manner, the remaining stresses can be listed as follows.
-PR tMID-BA YAXIAL: a x(mi•o)- HE .
(2.20)
In a similar
(2.21)
A TFRAME CIRCUMFERENTIAL:
ay(fi.o) = 1-r l•v 0v K- b .tte 1 2b
A TFRAME AXIAL:
-PR 3 t,
ax(fio) = 05F(K-1
2.6 GENERAL INSTABILITY
The following changes are made to the general instability formulae.
(2.22)
(2.23)
EFFECTIVE FRAME SPACING: same as (2.19).
EFFECTIVE PLATE AREA:
Ae = L, t, . (2.24)
CRITICAL PRESSURE:
E t, m4  (n2 - 1)EI'25
P = + (2.25)S R 2 m 2 RR, 2 LR (n2 -1 + 2(n2 +m2) 2  fL
This is the same as Huang's formula except, in the first term, the equivalent bending
modulus is used instead of the face modulus. In its original form, the introduction of a soft
core (while keeping shell thickness constant), can actually raise the critical pressure. Thus,
it is more appropriate to combine "bending" terms together.
2.7 FRAME MODES
Changes for the frame yield and frame instability modes are more minor than the
preceding modes and can be made in a similar manner. They are not required at this point
though, as the intention is to see the effects on the three main modes, and how these
approximate formulations stack up to the more rigorous derivations in the latter chapters.
CHAPTER 3 - INTERFRAME BUCKLING THEORY
3.1 GENERAL THEORY
Interframe buckling is characterized by the loss of stability of the shell with the
frames maintaining their circular shape. For this reason, the only frame parameter of
importance in this mode is their spacing. As illustrated in figure 3.1 the hull plate develops
a number of waves in the axial and circumferential directions. A certain failure pressure is
associated with each combination of n and m, the lowest being the critical pressure which
is the only one of practical concern to the designer.
m=1
oxis of symmetry
L~U- TJ.L J.- F T
Figure 3.1 Interframe Buckling
Development of the buckling predictions begins with the equations of equilibrium
for curved orthotropic plate. Donnell equilibrium equations [3] are used. The assumptions
are that the hybrid plate is composed of, and acts as a linear elastic material. Thin shell
(R>>t) assumptions will be used with the exception of the less than infinite through-
thickness shear rigidity. Deflections of the plate are assumed small compared to plate
thickness. The choice of equilibrium equations also means that the slope of the plate is
small. Thus the in-plane force is not assumed to significantly affect the balance of forces in
the radial (z) direction. This condition is compatible with buckling since, at the buckling
point, it will be seen later that only very small "buckling" displacements are added to the
equilibrium prebuckled condition. As such, the five equations represent a simplified
equilibrium state where most secondary effects and higher order terms are disregarded.
The equations will be developed in a general sense, i.e., with regard to the differing
properties in orthogonal directions, Ax,Ay,Ax,Dx,Dy,D,,~, v,,y,Sx, S, and with
general loads (axial, radial and torsional). Finally, we will assume through-thickness
extentional strain, z , to be negligible. This is consistent with reference [1] which
maintains that it is reasonable to do so with cases up to three orders less stiff than the
faces.
The mathematical development of the interframe buckling problem is as follows.
Using the method of partial deflections, the standard moment-curvature relations for a
cylindrical shell are corrected (section 3.2), i.e., terms containing derivatives of the total
radial deflection have the shear deflection subtracted in order to be a function of the
bending deflection only. Equilibrium equations are then used to derive governing
equations for buckling (section 3.3). This is done by first dividing the displacements into
prebuckled quantities and small incremental buckling quantities, then subtracting the
prebuckled condition and throwing out higher order terms. Expressions for in-plane force,
moments and shear force are substituted into equilibrium equations (five). To further
simplify the problem, the in-plane displacements are expressed in terms of other
displacements (appendix D), which leaves three unknown displacements. Buckling
displacement functions are chosen to satisfy boundary conditions (section 3.4). This
results in a matrix of buckling governing equations coefficients whose determinant
indicates buckling (section 3.5).
The equilibrium equations express force equilibrium in the x- and y- directions,
moment equilibrium about the x- and y- axes, and force equilibrium in the z- direction, are
respectively:
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Constitutive properties are brought in to develop the force relations:
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where the mid surface strains of cylindrically curved plate are:
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Solving for Nx from equations (3.6) and (3.7):
Nx =A x Ex +Y EY)= Ax -+V - (3.8)
Similarly for NY and N :
N = A - + vx(3.9)
N( v = uy & +-. (3.10)
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3.2 RELATIONS FOR LAYERED PLATE
Next, the moment deflection relations are developed starting with the moment
curvature relations for the plate, M = -Dw" when the moment M acts alone on the
element. Here, in general terms, w" indicates the second derivative with respect to a
length coordinate. If, however, the element is subjected to shear load Q, then Q = S w'
= Sy where y is the resultant shear-strain angle. In classical plate theory this is assumed
to be negligible in most cases where the spans of plate are much greater than their
thicknesses. Also, for isentropic plate, the shear rigidity is sufficient to limit deflections
due to the shear being much smaller than deflections due to bending. If the shear stiffness
is thought of as infinitely large, than it can be seen that no shear strain angle will result,
thus lines normal to the mid-plane line will remain normal under loading. Figure 3.2 shows
a distorted element of plate under hydrostatic pressure with bending and shear loads.
Despite the non-linear strain field that develops in the layered plate, this thesis treats the
element as one of a special material with an equivalent shear stiffness. This is idealization
is illustrated in figure 3.2(b).
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Figure 3.2 Distorted Plate Element Under Bending and Shear
With the layered plate constructed of a weak core (E, << E,) appendix A shows
that the plate's through-thickness shear stiffness (S., S,) decreases significantly as
(
trnrtP
Q
·- ·
compared to the solid case (our reference values are that of solid plate using only face
material with same overall thickness). Other properties including bending, extentional,
twisting, and even transverse (xy) shear rigidities only suffer a small decrease. However,
classical theory already accounts for these properties in stability and stress analysis.
Considering the notional hybrid sandwich, it is anticipated that deflection due to through-
thickness shear deformation can no longer be ignored and must be taken into account in
the development of constitutive properties.
Plantema [13] uses the method of partial deflections to separate bending and shear
effects writing:
w = wb + w and w"= wb"+ws" -= wb+y . (3.11)
Combining with the previous two equations a new load-deflection equation is developed:
M Q'w= = +-. (3.12)
D S
Note that it is usual for thin shells/beams to disregard the second term as negligible. This is
akin to assuming infinite shear rigidity in (3.12). Solving for M produces:
M = D(w"-- . (3.13)
From equilibrium of bending moments Q = M' so:
Q M' -D
= = Wb  (3.14)
S S S
Considering a curved plate under load, the moment in y- direction will be a
function of its curvature in the x- and y- directions:
[2w + -+ + v (3.1 5)
Y ay R2 x2
the w/R 2  term accounts for an increase in curvature as a result of a reduction in
radius. In this case the change in curvature from a constant deflection is:
1 1 w w
R-w -R (Rw)R - (3.16)R-w R (R-w)R-R
If we consider the shear strain angle(s), we can rewrite (3.15) as:
S = -D -, + + V (3.17)
In the axial direction we can develop a similar equation; however, the radius of
curvature is infinite so the equation is:
M= [f-D ax+ (+ W] (3.18)
2 =DY 'y 1-7 y ·x] (3.19)
= y xoxy 2 8x 2 Dy
These equations are simplified somewhat, based on the stated assumptions.
Several authors (Smith[15], Urgural [19]) state that the effect of displacements u and v on
the bending and twisting moments is negligible. Since their assumptions are consistent
with those of the hybrid shell application in this thesis, the u and v terms will be omitted
from the moment curvature relations.
3.3 BUCKLING EQUATIONS
Next, the equilibrium equations (3.1-6) are used to derive buckling equations. At
the critical pressure, two equilibrium configurations exist: a pre-buckled shape and a
buckled shape. Accordingly, subscripts are used to denote the pre-buckled (subscript 0)
and buckled displacement in the following way: w = w0 + w1, where the subscript 1
denotes an infinitely small increment which brings the pre-buckled shape to the buckled
shape. The same subscripts are used with all five displacements which describe the
deflection shape: (u, v, w, y x, Y ). The buckling equations are achieved as follows.
Buckled displacements are first substituted into equations (3.1-6). Since the pre-buckled
state represents an equilibrium state by itself, it can be subtracted to give a relation in
terms of buckling increments:
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Following the methodology of Stein and Mayers [17], it can be assumed that the
product of incremental loads and incremental buckling deflection derivatives is negligible
due to the incremental loads being infinitely small. It is also standard to eliminate the
derivatives of w0 due to the nature of loading and constant deflection assumed prior to
buckling. However, under pressure the cylindrical shell reinforced with circular frames will
have curvature due to bending over the frames in the axial direction. Indeed, this is the
only opportunity to include the precise pre-buckled shape in the analysis. This will not be
done for several reasons. First it is believed by many authors that only a small error would
result; i.e., that the prebuckled shape plays a small role in inducing buckling. Thus, their
solutions contain no information on the frame properties, only the spacings. It is therefore
normally assumed that the prebuckled shape is a perfect cylinder. Secondly, it is
advantageous to eventually compare results of this analysis to their work on the same
basis. If the above affected terms are eliminated, (3.24) becomes:
8Qxi Q, 1  a2 W, a 2W, Ny a 2 w,x + + N x°  +N yo + 2N °  = 0. (3.25)
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If (3.22) and (3.23) are differentiated with respect to x- and y- respectively and added:
0 xl . y . 2 2 y 2 yaq + Q - & 2 + (3.26)
ax ay ax ax (.6
and using this relation, (3.25) can be written,
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Next, relations for force and moments (with subscript 1) found in equations (3.8-10,17-
19) are substituted into equilibrium equations (3.20-23, 27), and using the relations Q =
S y this produces:
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This equation can be written more concisely as:
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where the differential operator LD is defined in Stein and Mayers [17] as:
8 4
LD = DW -+VyDx
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(3.34)
Five equations are left with five unknown buckling displacements
The next part of the derivation will involve reducing the number of unknowns to three and
follows closely the procedure of Stein and Mayers [17]. Appendix D contains the
derivation for ul and vi in terms of the other displacements. Then from (D.7) and
(D. 11), observing the rules of linear operators, their derivatives can be expressed as:
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Substituting these into (3.33) and using
L•w, - D + VD +D ,yx -D+Dl + (V +D,) o J +
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After expanding many terms cancel to give:
LDw (- Dx +(vxD +Dy) D 'y1 +(vDx +Dy +
Dx a2W D, y'wl I (2 S' , (Ix+ 2)+ (3.38)
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x0 N 2  yN 2 2N w -0.
Now three differential equations remain (3.30,31,38) in the buckling displacements
wl,YxI,Yyl 
-
3.4 BOUNDARY CONDITIONS
The boundary conditions are entirely satisfied with the buckling displacement
functions. Simply supported boundary conditions will be used where the frames attach to
the plate, i.e., the frames will not transmit any moment to the plate. This assumption is
consistent with other authors' [10] approaches. The coordinate system here is shown in
figure (i) with the origin of the x- axis located at the frame. The following buckling
w,/R = LE-'(L E w,/R) yields:
i Dx +w Dy 2w1 AyY R R &y' R' •
displacements are used:
- . mTf . n
w= sinm---xsmin-y, (3.39)
L R
Yxl = Yxl cos-x sin-y, (3.40)L R
Yy I sin m- xcos-y. (3.41)L R
First the buckling shape in the axial direction is considered. The harmonic shape with the
lowest curvature is a sine wave that alternates - dishing in and out in alternate frame bays.
Thus the period is n m/L where L refers to the frame spacing and m, the number of
half waves in each frame bay. To alternate around the circumference, the deflection is
multiply by another harmonic function of period n/R where n is the number of full
waves.
Considering yj it must be out of phase with w, circumferentially while in
phase with w, axially. The deflection Y x, behaves in an opposite manner with
displacement, i.e., in phase with w, circumferentially and out of phase with w, axially.
Looking at simply supported boundary conditions, at the frames (x = 0):
w 1 = 0, =0 (maximum), Yyr = 0, (3.42)
and at mid bay (x = L/2)
= 0 (maximum), yx = 0, =0 (maximum). (3.43)It is easily verified that the chosen functions satisf each condition.
It is easily verified that the chosen functions satisfy each condition.
3.5 SOLVING THE BUCKLING PROBLEM
To begin, (3.30-31) are differentiated with respect to x- and y- respectively to get:
SYx1 [4W 0 3Yxl _4W1 _3_yl 12 2 1S + Da +v 04W a3 -f 1 a2W I +
2 +-22Ox 2 Oy2-X •4• 4 X3 W y 2 2 2~ýy R 2 2(3.44)
Sy Y+ ay 4 3 y 1 2 2 2_)
w 1 y 1 3Y j=0.(3.45)
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The result will be of the form: [ A ][ d ]=[ 0], (3.46)
where A is a 3 x 3 matrix containing the coefficients after substitution of the buckling
displacement functions. Equation (3.48) is the characteristic equation of the entire system.
Since [d]'s components are constants, it will be disregarded, i.e., we need only to solve for
A's determinate to satisfy the above relation for all x- and y-.
Making the substitutions 1we get:
R-A1 A,,2 A,13
R-A21 A22 A23 /
R-A 31 A32 A33
01 (3.47)
=101. (3.47)
L0o
Although not mathematically necessary, many modern computer programmes require consistent
dimensions in matrices. Thus we multiply the first column by R which does not effect the result.
Physically, it is akin to non-dimensionalizing the radial buckling deflection w 1.
Writing out the coefficients from the A matrix gives:
Al = Dxa 4 + vYDv, x 0 - +Dxya 2 2 , (3.48)
A2 = -Sa -Da - DaL2, (3.49)
A 13 = -vDa 2 - Dxa 2o, (3.50)
A21 =D(4 x+ vXa 2 2 +DxyLa2 2, (3.51)
A22  XD 2 D,ya , (3.52)
A23 = -S,3 -D,0 - Dxya2o, (3.53)
A', = Dx4 + (v,D x +2D,3 +VD )a
232 +Dy ,4 -V -•-2  D-2
Sxy (1- VxVy)a 4  PR 2 2 (3.54)
A32 = -Dx 3 -(vDxD  + D, D)• 2,2 ,  (3.55)
A33 = -D y 3 - (VyD + D~xy) 2. (3.56)
Note that the loading is contained only in term A31. In this case, we have
evaluated it for hydrostatic pressure (no torsion). If a combination of pressures, end loads
and torsion exist, the components of A31 would need to be re-evaluated.
Referring to the "d" vector in (3.47), the deflection functions contained within are
not the original buckling deflection functions. The second and third terms are the
negatives of the buckling shear strain angles Y x, and y, 1  differentiated with respect to
x- and y-, respectively. However, it is not necessary to recover the original shapes
because the nature of buckling, where theoretically, deflections are zero under the
buckling pressure. Thus, derivatives of the buckling deflections are also zero below, but
undetermined at the critical pressure. A non-trivial solution then requires that the
determinant of the coefficient matrix vanishes for buckling.
3.6 RESULTS
Algebraically, the large number of terms involved precludes achieving a simplified,
closed form solution. The result is easily computed; however, it is necessary to determine
the integer number of axial (setting m) and circumferential (setting n) waves which
corresponds to the lowest critical pressure. Detailed numerical results are worked out in
chapter 7.
The results of the preceding analysis can be applied to a two-dimensional ring or
long tube with much less algebraic complexity. This can be achieved in a number of ways.
If the frame stiffeners are moved an infinite distance apart L - oo then ao -+ 0 . Thus all
derivatives with respect to x- vanish, and the system has two degrees of freedom:
w, and y, ,. The result produced serves to verify the preceding solution. Our system can
RA-A A2
then be written: R.1 A = AA 22 - A 2 A 21 =0, (3.57)R-A 21 A22
where the coefficients are:
A =D = 4,4  Dy2, A 12 = -S30 - DR
A 2 1 = Dy 2 32 - - PR3 2 , A22 = -Dy 3 . (3.58)
After substitution of terms and using n2 = 32R 2, the critical pressure can be computed
after some simplification as
D, (n2-1)
=P- D n .2 (3.59)
R SR
This is the same result as Plantema [13] chapter 7 and Smith [15]. The latter however,
defines S as S = 2 Gt / 3, where as in this thesis it is defined as S = G t. It is this
formula, (3.59), that will be verified experimentally (chapter 6).
From (3.59) the general effect of shear rigidity can be seen. The additional term in
the denominator will reduce the critical pressure with a finite through-thickness shear
rigidity. Note also that the number of waves, n, affects the additional term. In this two-
dimensional case, the n corresponding to the lowest pressure is n = 2.
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CHAPTER 4 - INTERFRAME YIELDING THEORY
4.1 GENERAL
This mode uses a "first yield" criteria to determine the failure pressure of the
stiffened plate in yield. Under pressure the plate and frames displace inward together as
the material compresses. Also, the plate at mid-bay, remote from the frames, bends or
otherwise deflects inward an additional amount. This will occur in a periodic fashion as
shown in figure 4.1. The result is both membrane and bending stresses in the plate.
X
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Frame
Axis of Symmetry
Figure 4.1 Axi-Symmetric Plate Deflection
With the load-deflection relations verified with the interframe buckling case, we
can use them to determine plate deflection and stresses with shape functions that will
satisfy boundary conditions. We will follow closely, the derivation of Pulos and Salerno 2
[14] except that the through-thickness shear strain must be taken into account.
The mathematical development for the shell stress equations is as follows.
Assuming axi-symmetric linear elastic behavior, the equilibrium equations are combined
to create one differential equation that describes the radial plate deflection with pressure.
This equation evolves as a function of both the total deflection and the bending
deflection. Using the method of partial deflections, the shear deflection is related to the
bending deflection, enabling us to express the differential equation in terms of the bending
2 Note that the coordinate system used here differs from this original work.
deflection only (section 4.3). The differential equation is solved for the bending
deflections; the shear deflections are then derived from them (section 4.4). Boundary
conditions are applied to the deflections to determine the amplitudes (section 4.5) and
then, from the deflections, the stresses are determined with deflection-strain relations
(section 4.6).
4.2 EQUILIBRIUM EQUATIONS
The governing equation for plate deflection begins with moment and force
equilibrium. Because of the axi-symmetric shape of deflection, we know all derivatives in
y- are zero. From (3.3) and (3.5) we write:
Q dx Mx  0, (4.1)dx
dQ, d 2
x +N + N -+P = 0. (4.2)
dx x dx 2  YR
Differentiating (4.1) with respect to x- and combining with (4.2) yields:
d2 M d2 w 1
x + N  + N -P . (4.3)
dx2  x dx2  YR
This is the governing differential equation for the plate deflection if expressed as a
function of out of plane displacement. Axial force is a function of pressure only at any x-
PR
,so we can state: N x = (4.4)2
Mx and Nx , however, will change with x- and are:
t/2
MX= Jx zdz, (4.5)
-t/2
t/2
Nx= I dz, (4.6)
-t/2
where the stresses are:
x:= Ex V ex +v S y), (4.7)
S E' (e + vx) (4.8)
- AR -w
The circumferential strain is: C6 y =. -w (4.9)ERR
assumed constant across its thickness. Examining axial strain, the bending stress must
vary across its face. Adding membrane and bending strain gives::
d2w
x = d -z 2, (4.10)
dx
where ex is the mid-plane strain. However, implicit in [14] is that lines normal to the
mid-plane surface prior to deflection remain normal after deflection. This is not the case
with the hybrid plate which is permitted to have a shear strain angle other than zero. We
proceed by distinguishing between deflections due to bending and those due to shear as in
[13]. In this case (4.10) can be written:
-= 8 - d b (4.11)dx
Next from (4.4) it must be that: = EX + Vx x Substituting thisX 1- VX  P -j X Y t
with (4.7) and solving for e :
- N x 1- vxvy -PR (4.12)Ex = E -vEy 2t E 1-x Vy x y v -. (4.12)
If (4.12) is substituted in (4.10) and (4.9) is utilized the result is:
vxw + PR d2Wb
E( +V PR(-vxvy)_z W. (4.13)
R 2tEx dx 2
Now that strains have been expressed in terms of deflection, w, expressions for stresses
in terms of w can be derived. Using (4.7-8) with (4.9) and (4.13) yields:
Ex xw PR( 1  d2Wb (4.14)oxVxy)-Z + (4.14)X x
1- VxVy R 2tEx dX2(_ • 
and after simplifying:
PR Ez d2 w
2t =  22t 1- vxVy d x
Similarly for ay :
-,E 
-w
1- VxVy R
E Vxw PR (1
VY R 2tEx
d2w b
d x2
which becomes after simplifying and using the relation vxE, = vyE,:
Ew PR E, z d 2W
R x 2t 1- VxV Y dx 2
Next the moment can be solved for as defined by (4.5) by using (4.15):
t/2
-PR
= 2t /
-t/2
(4.17)
t/2
E- d wb z2dz= -Ext d 2Wb d2Wb
dz z d= =-D
(4.18)
Performing the same procedure with (4.6) and (4.17) yields:
Y= -E,w
t/2 t/2
PR E d2Wv t d z-- X2Zdz =z
x 2 (1_-vxVy)vy dx 2
-t/2 -t/2
-Eytw
R
PR
V 2
S2
(4.19)
Now all terms of the governing differential equation (4.3) are either constants (functions
of pressure) or known in terms of deflection, w. Substituting (4.18) and (4.19) produces:
-D d4 wb Et w P PR d 2 w
dx 4  R2 Y2 2 dx 2
which can be rewritten,
d4 w
d X4
PR d2w
2 dx 2
Et
+ 2
R2
(4.21)
This is the non-linear differential equation derived by Pulos and Salerno [14] with a few
subtle differences. Since we have distinguished between deflections associated with
bending and the total deflection (bending plus shear), these have carried through to the
(4.15)
(4.16)
P (1-vy /2).
final result. The first term is associated with bending, so is a function of Wb only, while
the other terms are derivatives of the total deflection. The plate properties have been
maintained in the major axes for application with a specially orthotropic plate whose x-
and y- properties may vary. Thus the difference form the original equation is seen in the
first and last terms where, in the original work, no subscripts are needed.
4.3 REDUCTION OF DIFFERENTIAL EQUATION
The differential equation (4.21) must be put in terms of the same deflection
parameter to be useful. Again, the bending, shear and total deflections can be related with
equation (3.11) w'= wb'+,' = Wb'+y and the relations3 that follow to get:
dw, D d3 Wb (4.22)
dx Sx dx 3
This is derived from (4.1) which represents a rather simple expression for moment
balance in the plate. Implicit in it, is that slopes are small and thus do not effect the
moment balance appreciably. A more complicated balance could have been used which
includes this effect:
dM dwQ = d + Nx (4.23)dx dx
It should be noted however, that such a relation still yields the same result (4.22) as the
shear and bending deflection relationship is unaffected. With (4.22) the derivatives of the
total deflection can be expressed in terms of derivatives of just the bending deflection.
This relationship reveals something about the way the bending deflection changes. From
it, higher order derivatives can be derived but not necessarily lower ones;
w = b dx - dx = wb -- x +C, (4.24)
dx Sx d x3  Sx dx
Dx d2Wb
so w, =- +C. (4.25)
S dx2
3 In these and other relations that follow, subscripts have been dropped from forces where they exist in
one direction but have been kept on the plate properties to remind the reader of the orthotropic nature of
the plate.
To allow use in the governing differential equation, the constant, C, must be determined.
But in this case it must be solved prior to solving the equation. According to Plantema
[13] however, any arbitrary constant can be added to the partial deflections without
changing the physical problem. This is because wb and w,, by themselves, have no
direct physical significance. The reason is that boundary conditions apply only to their
sum or to their derivatives. It can be concluded, however, from (4.25) that the constant,
C, represents an average shear strain deflection which is added to another component,
varying in x-, described by the first term in (4.25). The average shear deflection must
certainly be a function of P and S.
The appropriate derivatives can now be substituted into (4.21) to get:
d4 Wb PR(d 2 wb Dx d 4Wb Eyt( Dx d2 Wb Y •D + P+ w + =P 1 (4.26)dx 4  2 dX2  S. dx4  • b  S dx 2  2
after simplifying:
(1PR d4Wb PR EYtDd d2wb Eyt -( Et
Dd1 + (PR RS dx wb = P 1 j C. (4.27)2Sx dx4 2 R2Sx dx2 R2 2 R2
Comparing to equation (4.21), it is seen that with infinite shear rigidity the results are the
same as the classical. If the shear rigidity decreases, however, the additional terms are
more important. In the first term, the shear component has the effect of decreasing plate
bending stiffhess - an effect which is more exaggerated if the pressure is high, but in the
second term, its effect is to actually decrease the axial loading. This may be counter
intuitive but it must be remembered that we are dealing with the bending deflection - not
the total deflection in the differential equation. This is the final equation which must be
solved for the bending deflection. Although it contains only one of our two partial
deflections, it fully describes the system. Equation (4.27) in its form reveals something
about the effect of shear rigidity. We would speculate that effect of altering the shear
rigidity would be to effect the shear deflection, but (4.27) also indicates that the bending
deflection is affected. Although the constant of integration has not been determined, it
shall be seen later that determining it exactly is not important because it is canceled by its
negative which is contained within the bending deflection which is added to shear
deflection to get the total deflection.
4.4 SOLUTION TO SHELL DEFLECTION DIFFERENTIAL EQUATION
It is advantageous to define the differences from equations (4.27) and (4.21) in
terms of an abbreviated form. This is so that we pursue the classical solution and
emphasize the effects of finite shear rigidities. Defining shear influence functions:
PR
VS1 = 1 (4.28)2SX
1 Et D
V - y (4.29)2 PR 3 S
Again the derivation will follow the solution of Pulos and Salerno. The new
terms affecting the equation have to be included in order to see the effect on shear
deformation and then stress.
The non-homogeneous differential equation will have a solution:
Wb (X) = Wb(hom) + Wb(pat), (4.30)
where the particular solution is:
2vy R
which contains the negative of the shear stress constant of integration.
The homogeneous solution is achieved with solution of the quadratic equation
utilizing (4.28) and (4.29):
S+ R 2 2 + =t 0, (4.32)
DxW1 DxR2 W
giving four roots which can be written:
PR ( PRW2hi = &*_+' -
2D LD
2DXWI + 2DMx i)
(4.33)
Reference [14] defines two parameters in order to simplify (4.33). We will depart
from this method because the amended terms do not lend themselves to convenient
simplification. Also, a reference pressure is usually derived corresponding to axi-
symmetric elastic buckling of an unstiffened cylinder under axial pressure. It is not clear
how the hybrid shell's properties would affect this. Instead, (4.33) is simplified:
-PRX2 Eyt  MPR, 2 DxR2X, 2 2,1xi = 2 (2• • -E_1 __ (4.34)
-t2D, f DxR2 1  2Dy Et
_
l( = + E ,t
-(DxR2 W1
Defining two additional shear influence parameters:
XV3 = PR 2W2 •D (4.36)
1
"'4 = DXR2  , (4.37)
so that (4.37) can be written: Xi =+ W -V3 +(w 32 -1)2. (4.38)
The solution will depend on the relative size of the quantities, i.e., if
XV3 > 1, 3 = 1, or X3 <1. In examining V3 we conclude that it must be positive
definite with hydrostatic pressure. The homogeneous solution for the case of complex
roots is:
Wb(hom) = C1 exx + C2 eA2x + C3 e '3x + C4 e1x . (4.39)
But since %, = -%2 and X3 = -X 4 and using the relations:
e" = coshx + sinhx , (4.40)
-X = cosh- Xx + sinh- Xx = coshLx - sinh xx, (4.41)
1 . _ 2
S2 [p2R4W2 2
DXEyt• 1 2 4DX 1 . (4.35)
the homogeneous solution can be written as:
Wb(hm) = A sinh , x + Bcosh X, x + G coshXx + F sinh X3 x. (4.42)
If the origin (x = 0) is moved to mid-bay, the first two boundary conditions can be
applied. Because of symmetry, the slope at mid-bay and the shear (or more properly, the
bending deflection's contribution to shear) must be equal to zero, thus at x = 0:
dw d3 wWb 0, and Wb 0. (4.43)
dx dx 3
Thus coefficients of odd functions, A and G vanish. The homogeneous solution is
then, Wb(ho) = Bcosh X• x + F sinh X3x. (4.44)
However, the rare case of V3 = 1 produces imaginary roots which requires a unique
solution. Instead of (4.44) we have:
Wb(ho) = Bcosh Xt x + F X1 x sinhX,x. (4.45)
In pursuing the analytical and computational solution to the shell stress problem, the case
of complex roots will be assumed.
4.5 BOUNDARY CONDITIONS
To evaluate the remaining constants we apply the remaining two boundary
conditions:
dw(1). From symmetry we know at the frame: b = 0 atx=L/2. (4.46)dx
We can ignore the particular solution and get:
L L
BX1 sinh X -+FX 3 sinh 3 L-=0, (4.47)2 2
-F , sinh z L/2thus: B= 3L/2 (4.48)X, sinh X, L/2
(2). The final boundary condition involves forces at the frame. The shear load
transmitted to the frame equals the opposite force transmitted by shear back to the plate.
Also, it is obvious that the plate and frame deflection would be the same. Both the shear
and the total deflection at the frame are now known in terms of the amplitudes B and F.
Introducing a new parameter called the frame stiffness factor, K, which is defined
in reference [14]:
K = Ef2 (Af +bt), (4.49)
R
where Ae = Ame R- , (4.50)
wRher
where b is the frame web thickness bearing on the plate4, and Rcg is the radius to the
frame's centre of gravity. The factor, K, relates the frame's external radial force to its
deflection, w, such that p = K w, where the dimensions of p are force per unit length.
Carrying out a force balance at a frame on the right and left hand sides results in:
E Fz = QL+QR +Pb(1-v,/2)-Kw =0, (4.51)
where QL = QR = -Qx by symmetry. Thus solving for Q. yields:
-Qx= Kw,-Pb1- v /2)1,, (4.52)
where the last term accounts for that portion of the hydrostatic pressure directly applied
to the frame through the shell.
In order to evaluate the condition, the radial shear force produced by the shell
must equate to the frame's shear force. Substituting (4.18) into (4.1), the expression for
shear force is determined and can be used in (4.52). Here the subscript on the shear force
and shear strain angle is abandoned because ambiguity is no longer possible. Equating the
result to that of the frame we get with a force balance:
[Kwf.. -Pb(- vy/2) -D wb 0. (4.53)
2 dx
4 For standard T frames this value is identical to the web thickness; however some frame designs may
have a widened toe.
Rearranging and equating deflections of the frame to the total plate deflection yields:
d(4.54)Kw-Pb(-v, /2)= 2D x  . (4.54)
Next we substitute the deflection equations:
Wb = Bcosh, x+F sinh x+P 1- _ y C, (4.55)
2 E, t
and using this in equation (4.25) the expression for shear deflection results:
w, = - BP( cosh1, x +F, 2 sinhX 3x)+C. (4.56)
x
If (4.54) is substituted in, the shear and bending deflection can be added to get the total.
Solving for the constant F results in the following:
F[= K 1I 3 2 coshX, L 2DxX3 sinhXj3 (
x2 (4.57)
B[ 2Dx•I sinhkL - K1- Dx .,2 cosh, -P 1 - -K
F can be solved for explicitly by using (4.48), the previous boundary condition result.
After much algebra:
F=
L
2
(4.58)
Now with B and F known, the full plate radial deflection is known. The constant of
integration, C, has still not been determined; however, examining (4.55) and (4.56) it is
evident that C is an arbitrary value in that it can not affect the final total deflection. It
does not effect curvature in bending or shear and therefore can be ignored, i.e.,
considered to be zero. The results of the finite through-thickness shear rigidity are
illustrated in the results contained in chapter 7. The effect of the new deflection on the
stresses is dealt with next.
4.6 STRESS
With the deflections known, the stresses can be derived using constitutive
properties. The idea here is to use the appropriate deflection, i.e., bending or total, for the
various terms depending on whether they are extensional or flexural in nature. We have a
choice to determine the stress in the face material or in the softer core. An assumption is
made at this point that with identical strain, the stiffer face material will reach yield first,
i.e., typically visco-elastic materials have a larger yielding strain than do metals. Also,
with bending, the extreme fibers of the sandwich plate will experience the maximum
bending strain. Since both of these effects pertain to the face, it is in the face material that
we are interested in determining the stresses.
Care is needed to include face properties as well as sandwich properties where
needed. It is also necessary here to use two subscripts because with orthotropic layers,
both the modulus of the face and the equivalent extentional thickness can differ in the x-
and y- directions. Therefore "f' and "e" will be further specified with "x" and "y". First,
the circumferential membrane stress is
,M - NY = I (Efyteyey + vyNx), (4.59)
cy ey
where the use of t, relates the total sandwich force to the stress in the face material
due to the core not carrying the same load as the face (subscript f). It is derived in
appendix A. From (4.9) -, (wb + w) / R = w / R then (4.59) becomes:
Ew PR
;yM = R 2t (4.60)R 2te
N -PR
the axial membrane stress is o, = = (4.61)
ta 2 tI
Considering the bending stresses, we expect none in the circumferential direction
due to the axi-symmetric deflection. Normally, to develop the bending stress axially,
linear variations are assumed through the plate thickness. However, for the sandwich we
would expect relative extensional strain of inner and outer face plates, thus non-linear
strains and stresses across the sandwich thickness. This affect alters both the bending and
membrane stress distribution making analysis very involved. In the case of a stiffened
shell experiencing axi-symmetric deflection, however, the locations of expected maximum
stress are also locations where linear strain distributions are expected. Axially, this is at
the frame and mid-bay locations where the slopes of plate deflections are zeros. Here the
curvature of the plate, defined by bending deflections, are maximum. At these locations
we can say that lines normal to the plate surface remain normal even under load. This
means no relative in plane deflection of inner and outer faces has occurred there. This is
fortunate because linear bending stress-strain relations can still be used across the
thickness at the points of interest. The axial bending stress is:
Mt/2 Dx t/2 d2 wb
on = + -+ D d 2  (4.62)I I dx
where, as pointed out in chapter 2, the real thickness is used for bending stress and strain.
The quantity, I, is more than a geometrical quantity; it is also affected by the presence of
the core. Because we are interested in the stress in the face material, the quantity, I, can
be conveniently obtained "biased" to the face material by the relation:
I = 1- vx V), (4.63)
fx
therefore the axial bending stress can be written:
Ef, t d2WbS=-+ X d 2  (4.64)
21- vxVy) dx
Note that the bending stress is only a function of bending curvature and is not affected by
curvature due to shear.
Next the membrane and bending stresses are added in the following way to
5 At the frame this is true only for the bending deflection given the shape function used. It can also be
argued that shear deflection, due to symmetry about the frame, must cause the shear strain angle to be
zero as well.
achieve the total. The result is that the principle stresses are in line with the x- and y- axis.
o~ =o x +oxM, (4.65)
oy = ,y + Vya•. (4.66)
MID-BAY STRESS (x = 0)
The mid-bay stress is found by simply adding the membrane and bending stresses
as indicated in (4.65) and (4.66). The subscripts "o" and "i" correspond to the outer and
inner face surfaces, respectively. Substituting the correct components and using (4.55):
-PR t d2wb -PR t -(B%2 +FX,2), (4.67)
x(mo) - +Ef - +EB (4.67)2 , 2(1-v vy) dx2  2t, 2(1- vxy)
and performing the same for the inside of the plate the bending stress is positive
E(-PR  t )(Bxl + Fx2). (4.68)
2t, 2(1- xv,)
In the circumferential direction the stress is:
Efyw PR t 2a() = - - - PR t (B,2 +F 3 2), (4.69)
R 2t, 2(1- vxvy )
and aM) = Eyw PR Et (Bl2 +FX2). (4.70)R 2te, 2(1- v.,v,)
Here the first term is a function of the total deflection. For clarity, it has not been
substituted but can be readily found from (4.55) and (4.56).
STRESS AT FRAME (x = L/2)
These equations are more complicated due to the shapes of the plate deflection
function. From (4.66) we have:
-x(fo) -- + Efx B,12 cosh L +F,3 2 coshX3 - , (4.71)2ta 2 (1 - vV)( 2 2
and on the inside where the plate meets the stiffener there is a negative bending stress:
PR t L LPR = EPR B% coshk L + Fz2 cosh X -L (4.72)
x(fi) - 2tt 2(1-vxyv) B 1'  h 2 (4.72)
The circumferential stresses are then:
-Efw PR t 2 L 4.3)
o = vy - + vyEfx B %, coshk + . COSh, ,(4.73)R 2t, 2(1- v y) 2 2
-Efw PR t ( L LA
y( f) = P vyEfx t B(, 2 coshX, -+ FL 2 coshX,) .(4.74)
Oyfi) R 2t 2(1- vxvy) 2 2
4.7 GENERAL COMMENTS ON STRESSES
References [2] and [7] state that extensive David Taylor Model Basin (DTMB)
experimental data has shown that the maximum stress at mid-bay is more indicative of
failure in this mode whether or not it is higher than stress at the frame. Usually, the
highest stress occurs in the axial direction at the frame on the inside of the shell. Here the
bending and membrane stresses are both compressive. The next highest area of stress is in
the circumferential direction at mid-bay, outer. The exact relative value of these depends
on the hull's dimensions and also the material properties. Throughout this thesis, the
criterion for failure in the interframe yield mode will be the stress a mid-bay.
Examining equations (4.28,29) it can be seen that certain combinations of
pressures, dimensions and shear rigidity can cause the first two shear influence
parameters to achieve a low quantity. In this region, caution must be used as the roots of
the characteristic equation blow up and the shell will experience very high curvatures.
The computer codes developed from this analysis compute a lower limit for the shear
rigidity for a given pressure.
A criticism of the plate model must be made here. The model of the shear
deflection works well everywhere but in the vicinity of the frames. With the slopes of the
shear deflection maximum at the frame, we are left with an incompatibility. The plate
must have a finite slope immediately on one side of the frame and an equal but opposite
slope on the other side. This effect is exaggerated in figure 4.2.
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Figure 4.2 Plate Deflection Slopes in Vicinity of a Frame
The problem with the model lies in the fact that with a layered plate most of the shear
deformation in an element really comes from relative in-plane movement of top and
bottom faces. In reality this cannot occur at the frame. Thus at the frame, to exactly
model the layered plate, each layer would require its own boundary condition. The result
in real terms would be additional stress as the plate curves over the frame. However, as
long as the shear deflection accounts for a small portion of the total deflection, this effect
does not present a significant problem. Weaker through-thickness shear rigidities will
exaggerated the effect and cause greater errors. Considering the 10% core, the shear
deflection at the frame is significantly less than the bending deflection for core / face
stiffness ratios greater than 10-3 . With an analytical model, it may be impossible to
quantify the stresses at the frame with very weak shear rigidities and more powerful
techniques such as finite element may be needed.
Finally, by the anatomy of the characteristic equation for plate deflection, certain
conclusions can be made with regard to general behavior of a shell with finite shear
rigidity. For example, in the original work of Pulos and Salerno [14], equation (4.35) for
a solid plate is written:
I
X,[ =C 2 2 (4.75)
where 0 is the slenderness parameter of the cylinder (the same as that used in chapter 2),
and p* is the pressure to cause axi-symmetric buckling of an unstiffened cylinder under
the action of uniform axial pressure. If (4.75) is equated to equation (4.38) these two
parameters can be solved for, producing the following relations:
8• I, (4.76)
r2 •,DxR 2,,)
p*= R2 DEyt wV1 . (4.77)
With these relations the effect of the through-thickness shear rigidity on the parameters
can be seen. With an infinite value, they of course are equal to their value corresponding
to a solid plate as defined in [14]. As the through-thickness shear rigidity is changed
however, their values change accordingly. As the shear rigidity decreases, the slenderness
parameter increases in the same way as increasing frame spacing or decreasing radius or
thickness. Of note is that both results are now a function of pressure! This is particularly
interesting with the slenderness parameter; as the pressure is increased, the cylinder acts
less slender, i.e., the value goes down. Thus it is seen that increasing pressure has the
same effect as increasing bending rigidity, D.
We can further investigate by assuming the case of a specially orthotropic plate
that has identical properties in the x- and y- directions. It is obvious from (4.76) that the
shear influence parameter(s) have only a small effect on the slenderness parameter. For
p*, the effect is less obvious; the original p* for a solid plate cylinder [14] is multiplied by
the following for the case of properties x = y:
= 6,2 PR)' (- v2 
.p (4.78)T2 -6PR S 1-v2 )+E c4
Thus (4.78) indicates how p* will be a function of pressure. At the critical pressure
however, the ambient pressure coincides with the applied pressure so (4.77) can be
rearranged to give p* explicitly. Using (4.77-8) and simplifying gives:
p = 4 R 1 2 RS (4.79)
This result indicates that the critical pressure drops with decreasing through-
thickness shear rigidity as would be expected.
CHAPTER 5 - GENERAL INSTABILITY THEORY
5.1 GENERAL
General instability is characterized by the buckling of the entire stiffened shell
structure. Usually, bulkheads and kingframes are designed sufficiently stiff to only permit
this type of failure between them. Thus, as shown in figure 5.1, an entire compartment
collapses. In this mode, the moment of inertia of the plate-frame combination is
paramount as well as the compartment's length.
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Figure 5.1 General Instability Failure
Of the three modes, the effect of the plate's through-thickness shear rigidity on
the general instability or "compartment collapse" mode, is most difficult to derive.
However, in many ways we shall see that it has less of an effect than in the other modes.
The formula for computing the critical pressure in this mode (2.25) contains two
terms: the first representing the "von Mises" buckling pressure of the shell without
frames and the second, the "Bresse" pressure of one frame-plate combination (same as
an infinitely long cylinder). The effect of a soft core is two-fold. It directly reduces (for
a given plate thickness) the Et or EI combination, and it allows the plate to deflect more
easily, as seen with the deflections in the interframe buckling and yield failure modes.
The first effect can be included directly in equation (2.25); the second is not obvious. In
-- -- -
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examining (2.25 ) we see that the second term is in the same form as (3.61) that was
derived for a two-dimensional (infinitely long) shell with finite through-thickness shear
rigidity. A correction of this form is sought. Equation (3.61) cannot be used directly
because the structure is more than a curved plate; we are now dealing with a plate-frame
combination of which only one component is weakened by shear. The form of (3.61)
indicates that the effect of shear is less with low n and that is, in fact, what occurs in this
mode. Typically n = 2 or 3 in this mode vice 10-15 in the lobar buckling mode. Because
curvatures will be lower, its effect is less. In a rough order of magnitude study it can be
assumed, very conservatively, that if the entire plate-frame combination through-
thickness shear rigidity was reduced (from that of isotropic materials) by a factor of
1/100 and assuming n = 3, the effect of the reduced shear can easily be found. The
dimensions, material and thicknesses of the baseline hull at appendix B will be used. In
particular, assuming: S S  - D 6 (1v)
100 100 t2
and substituting into the corrective term in (3.61) yields:
n2 D 900t 2  150(.05m)21+- = 1+- = 1+l) 1.02. (5.1)
SR2) 6(1- v)R2 (1-.3)(5m)2
The preceding example illustrates that it has little effect. Again, it is extremely
conservative in allowing the through-thickness shear rigidity of the plate to interrupt the
shear strength of the entire plate-frame combination. It will therefore be ignored. The
focus shall instead be placed on the effective plate width, La, to be used. Now that we
are dealing with a sandwich, the effective plate width could be substantially different from
the isotropic case. Many formulae are available to compute effective width. Pulos and
Salerno [14] provide a useful derivation which is easily adopted for the sandwich plate. In
following their philosophy, it is believed that a more accurate L, is developed as
compared to that of chapter 2 where plate equivalent properties are substituted (thus
shear effects are ignored).
5.2 EFFECTIVE WIDTH
The effective width can be found from the shell's in-plane force as derived in
chapter 4. The frame's effect on the circumferential membrane force results in a lower
force at the frame and all across the frame bay as shown in figure 5.2. This deviation from
the hoop stress (of an unstiffened cylinder) is denoted N'y, and represents the
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Figure 5.2 Circumferential Membrane Force Distribution in the Shell During Axi-
Symmetric Deflection
frame's influence on the force distribution. The effective width multiplied by the force
deviation at the frame will result in the same overall force as the total deviation across the
frame bay. Equation (4.61) gives the membrane force as a function of x-.
Mathematically, the above condition means:
L/2
2 N'm (x) dx = LN'm (L/2), (5.2)
0
where expanding (4.61) and utilizing figure 5.2 gives:
w ( )
N'yM= -Eftey R+ PR 1- v,/2), (5.3)
where w is given by (4.5,8). At the frame this results in:
N'yM (L/2)= -B 1- X 12 coshX 1+F 1 X 32 ,coshX3 } (5.4)
Evaluating the LHS of(5.2) we can solve for La. Noting that Et = Efyty :
B 1 DI sinhX , -+ Fx A sinh
(, SX 2 SX 2
L_ = 2 Jsn.X (5.5)
B 1-S 12 cosh + F 1- coshs 2
Thus, we have an effective width which is obviously affected by through-
thickness shear formation. This is because of the through-thickness shear term in (5.5)
and also because the B and F terms, and %z, X3 terms (indeed the entire deflection) are
already functions of shear rigidity.
Again the result does not lend itself to algebraic simplification. Instead the effect
of finite through-thickness shear deformation will be illustrated by computing the effect
on the baseline hull. This will be done in chapter 7. This new effective width is now used
in equation (2.23) which is restated for completeness:
Ecqt, m4  (n2 -1)EfI5.6)Pr= + (5.6)
n2 - 1 +  n2+m22 RR22 L
Again, the appropriate equivalent parameters defined in chapter 2 must be used. The
effective width influences the effective moment of inertia, If, contained in the second
term. This can be seen in appendix H with the HYBHUL2 spreadsheet.
CHAPTER 6 - EXPERIMENTAL
6.1 INTRODUCTION
An experiment was performed to verify the interframe buckling formulations
derived in chapter 3. Comprehensive testing would require the manufacture of a stiffened
cylindrical shell with a thin, soft symmetric core with sufficient length to encompass
several frame bays. Such a model - even a small one, is very expensive to manufacture.
Testing requires a hydrostatic chamber which involves extensive instrumentation and
labour. Split shell models used for acoustic experiments suffered from poor manufacture
due to the fabrication process requiring that the visco-elastic core be heated to elevated
temperatures while joining the metal components. The result was that the core material
had degraded or a least, changed its properties.
The aforementioned difficulties were avoided with the following approach which
represents a compromise between accurate modeling and expense. A short section of
cylinder was used instead of a fully stiffened cylinder. The "hoop's" dimensions were
selected such that thin shell theory would still apply and that its cross-section would be
wide enough to be considered a plate vise a beam. Instead of a visco-elastic material for
the core, a cold-curing polymer was used. This was an epoxy material which represented
static properties similar to the visco-elastic candidates.
6.2 SPECIMEN MANUFACTURE
The inner and outer face rings were machined separately form mild steel. An
aluminum jig was used to hold each ring for final turning. The jig was simply a circular
plate which had a groove machined in it which was of a radius such that the final
dimensions of the rings would permit them to fit snugly. Thus the outer ring was first
turned to a finished outside diameter, clamped in the jig, and then turned to the correct
inside diameter. The inside ring was made in an opposite sequence. Restraint was
important due to their relatively thin profile. After final turning and dimensional
inspection, the jig was used as a mold to permit injection of the epoxy in between. Prior to
injection, the inner and outer rings were shimmed (between the groove shoulder) to unsure
a concentricity and constant core gap all the way around. The results of the final
dimensional inspection can be found in appendix E.
6.3 HOOP TESTER
An 75 centimetre hoop tester was constructed to permit ring testing. This
apparatus consists of a restraining ring bolted between two circular plates. The specimen
ring is placed inside the restraining ring - the space in between containing a rubber bladder.
The bladder is pressurized via a connection through the restraining ring thus exerting
hydrostatic pressure on the specimen. Because the pressurizing fluid is contained in a
bladder, there is no need to make the specimen water tight; enough space is left between
the specimen and plates to allow for expansion due to Poisson's effect. Figure 6.1 shows a
cross section of the hoop tester. Its pressure accessories were designed to provide up to
2000 kpa (300 psi).
The specimen in the hoop tester was instrumented with stain gauges so that it
could be pressurized to the onset of buckling without actually buckling. According to
Southwell [14], the buckling point could be determined by plotting the inverse of the
bending strains measured around the hoop's circumference. This Southwell method was
employed as follows. For each pressure, stains were measured by eight equally spaced
gauges around the inside of the hoop. Their mean value indicates the membrane strain
while the difference between the mean and gauge reading at any position indicates the
bending strain. Plotting the inverse of all eight bending strains with increasing pressure
yields curves which eventually intercept the zero value axis at buckling. This is because,
just below the critical pressure, the bending strains increase drastically.
The hardware setup used for the measurements was as follows. Eight Omega SG-
7/350-LY41 strain gauges (7mm) were used with an HP 3852A Data Acquisition/Control
Unit. The gauges connected to an HP 44718A Strain Gauge Multiplexer using a quarter-
bridge arrangement. Voltage measurements were taken automatically with an HP 44701A
Digital Voltmeter module. Pressure was supplied to the hoop tester bladder by a hand
pump connected with flexible hoses. Pressure readings were made with a pressure
transducer connected in-line with the pressure supply. The experimental setup is shown in
figure 6.1 and 6.2 below.
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Figure 6.1 Hoop Tester With Pressure Bladder
Figure 6.2 Hoop Tester Experimental Set-Up Showing Tester and Pressure Source
6.4 BUCKLING TEST
The hoop specimen used had a 21% core thickness with a modulus 62 times less
than the steel faces. The theoretical critical pressure for the hoop specimen is computed in
appendix F to be 1600 kpa. This value is only 2 percent lower than that of a solid hoop
with the same thickness but with no core. For a hoop failing with n = 2 lobes as in this
case, a substantial reduction in critical pressure can only be achieved if a very soft or very
thick core is used. This configuration gets father away from the assumptions stated for the
hull in chapter 3. Thus, the goal of the test was to demonstrate that with the chosen
specimen, the resulting critical pressure would be about the same as that of the solid ring.
Even with excellent circularity etc., buckling tests are known to produce a critical pressure
5-10 percent below predicted.
Below are the Southwell plots for the specimen. Two are displayed: the first shows
the entire plot while the second shows the buckling point in more detail.
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Figure 6.3 Southwell Plot for Hoop Specimen
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Figure 6.3 indicates a convergence to a buckling pressure in the vicinity of 1500 kpa. The
buckling test was stopped at this point to prevent damage to the specimen. In order to
determine the precise critical pressure, the last few pressure readings can be blown up and
their tangents extrapolated to find the zero value intercept. This more magnified Southwell
plot is shown in figure 6.4. In this case one strain gauge channel (no. 5) was omitted due
to erroneous readings. The graph indicates a critical pressure of 1530 kpa with reasonable
agreement between channels.
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Figure 6.4 Southwell Plotfor Hoop Specimen with Extrapolated Critical Pressure
Data for the buckling tests can be found in appendix G. The experimental buckling
Pressure is 95.6 percent of the theoretical value. This is within the range found by other
testers on hoops and rings of good circularity. Thus, it can be concluded that the
experiment verifies the predicted pressure in a "ball park " sense - or, more precisely, it
doesn't disprove it by falling out of the 5-10 percent range expected for any buckling test.
With a successful test confidence is gained in two areas. The first is the two
dimensional buckling equation and the three dimensional (stiffened cylinder) from which it
is derived. The second is the physical modeling, namely, the representation of through-
thickness shear rigidity by equation A.20.
-
-
-
- -
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CHAPTER 7 - RESULTS
7.1 INTRODUCTION
In this chapter, numerical results are presented for the baseline hull. These are
made for each of the three main modes with both the approximate (chapter 2) and more
rigorous (chapters 3, 4 and 5) formulations. It is prudent to examine the results when
treating the through-thickness shear rigidity as a variable but allowing all other properties
to retain their original values (that of the solid plate). In this manner the effect of the shear
rigidity alone is seen. This type of result applies only to the more rigorous formulations, as
shear effects are not included with the approximate formulae.
Another basis of comparison is to select a core thickness proportion, and treat its
modulus as a variable. This represents what actually happens with the hybrid sandwich, as
all properties are then affected. It is therefore more relevant to an actual design problem.
Finally, also using this method, the baseline hull is redesigned in order to recover its lost
depth performance in each mode.
One of the difficulties of weakening the baseline hull structure comes when
attempting to express its revised performance. Without any redesign, its buoyancy ratio is
unchanged but the modes- via differing critical pressures or differing factors of safety-
have a revised performance level. Another complication is that some modes are non-linear
in nature, i.e., they depend on the applied pressure. Generally, modes involving yield apply
the factor of safety to the stress while modes involving critical pressure apply the factor of
safety to the depth. In order to permit an equal comparison basis, a failure pressure is
computed in all modes (while maintaining their original factor of safety). Thus in each
mode, their performance factor is simply a ratio of the failure pressure to original desired
operating pressure. As such, the performance factor can be thought of as a normalized
factor of safety.
The modes giving a critical pressure without using an assumed pressure require no
iterations. These are the interframe buckling and frame instability modes which apply the
factor of safety to the operating depth. However, for the interframe buckling mode it is
necessary to determine the number of waves, n, corresponding to the lowest critical
pressure.
The general instability mode produces a critical pressure but requires an applied
pressure. It is not sufficient to simply apply the design pressure (operating pressure x
factor of safety) and then compute the critical pressure which may differ. To do so would
be stating that an arbitrary choice of desired operating depth would effect the critical
pressure without changing the structure. Thus, the design pressure is a starting point from
which the critical pressure is continually fed back in until agreement is reached.
The interframe yield and frame yield modes rely on an assumed pressure but
produce a factor of safety based on the ratio of yield stress to von Mises stress. This is
completely accurate and adequate by itself but does not allow comparisons to the other
modes directly. If the allowable depth (i.e., failure pressure) in each mode is desired, the
assumed pressure can be multiplied by the following factor:
oy (7.1)
SF-a'
which is the allowable yield stress divided by the factor of safety multiplied by the
computed stress. Thus it can be seen that if the assumed and final pressures agree, then the
specified factor of safety has been met exactly. The final pressure divided by the original
design pressure is the performance ratio, y , whose subscript denotes the particular mode.
There are other ways that the modes can be set up (such as to produce a factor of safety
instead of pressure) but the chosen way is relatively easy to iterate manually. The last
comparison basis involving redesign always creates a hull adequate to achieve the
specified factors of safety in all modes therefore pressure iterations are not required- the
assumed pressure can simply be set to that corresponding to the 400 metre depth. This
methodology forms the basis for the spreadsheet architecture which is explained in
appendix B.
7.2 EFFECTS OF CHANGING SHEAR RIGIDITY ALONE
Here the through-thickness shear rigidity is a variable and is altered within the
baseline hull. A logarithmic scale is used to reduce the shear rigidity in relation to a
reference value, So , corresponding to the stiffhess of a solid plate of the same overall
thickness and material equal in stiffness to that of the face used in the sandwich. All other
properties maintain their original (those of a solid plate of the same thickness again)
values. The results of this is summarized in table 7.1. The general instability mode's last
two factors cannot be computed at this low shear value due to its first shear influence
parameter approaching zero and causing a singularity in the third shear influence
parameter (see appendix H).
Table 7.1 Mode Performance Factors vs. Through-Thickness Shear Rigidity for 10
Metre, HY 80 Baseline Hull at 400 m Depth, Number of Interframe Buckling Waves
shown in Brackets
The general instability mode is the least affected in this case and is consistently
better than the other modes. The interframe buckling mode is most affected and falls off
sharply with ever weakening rigidity. As seen in table 7.1, the number of lobes
corresponding to the critical pressure increase with decreasing shear rigidity.
LOG 10  Interframe Interframe General
S / So  Buckling Yield Instability
oo 1.00(13) 1.00 1.00
0 .994(13) 1.00 .996
-0.5 .982(14) 1.00 .993
-1 .940(14) 1.00 .982
-1.5 .829(15) 1.00 .941
-2 .581(18) 1.00 --
-2.5 .265(27) 1.031 --
For the interframe yield and general instability modes, it can be shown that with
infinite through-thickness shear rigidity, the results of the more rigorous formulations
match the traditional ones exactly. This is not the case for the interframe yield mode. The
analytical analysis of chapter 3, (with an infinitely shear rigidity) agrees very well with the
Windenburg formula (see appendix B) used in standard analysis but is 1 % more
conservative when applied to the baseline hull. This agreement is surprising considering
that their forms are not at all alike. Good agreement should be achieved for other hulls
which are feasibly designed, i.e., not random. For table 7.1, the performance values have
been normalized so that no jump occurs in this mode.
Table 7.1 reveals some curious results with the interframe yield mode which does
not indicate any weakening whatsoever. Its performance factor remains identically equal
to 1.00 within the specified tolerance used of plus/minus .003. This is remarkable
considering that the weak shear rigidity has increased plate bending and shear deflections.
The stresses, however, do change; the axial stress decreases and the circumferential
increase with reducing shear rigidity at the position of interest. Their combination still
produces the same von Mises stress over a large range.
Table 7.2 Shell Stresses at Mid-Bay Outer vs. Through-Thickness Shear Rigidity for 10
Metre, HY 80 Baseline Hull at 400 m Depth
LOGIo cYx (10' kpa) y (10' kpa)
S/So
oo -3.008 -4.103
0 -3.006 -4.106
-0.5 -2.988 -4.111
-1 -2.946 -4.128
-1.5 -2.826 -4.170
-2 -2.547 -4.232
-2.5 -2.121 -4.139
If the interframe buckling mode results for the 10 metre diameter baseline hull are
graphed, the effects of reduced shear rigidity can be illustrated. In this case the
performance values are normalized to the S = So case. Figure 7.1 shows how drastic this
effect is. Note that the amount of increased critical pressure with ten times the natural
shear rigidity is approximately one percent. This demonstrates the validity of assuming
that through-thickness shear effects are minor and thus can be neglected for solid plate.
Also of note is that the number of waves corresponding to the critical pressure increases
with decreasing shear rigidity.
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Figure 7.1 Critical Interframe Buckling
Proportion
Pressure vs. Through-Thickness Shear Stiffness
Considering the interframe yield mode, it is useful to examine the effect of
decreasing shear rigidity on the shell deflections. Figure 7.2 illustrates the effect of
weakening shear rigidity on the total deflection. As the shear rigidity weakens, the shell is
less able to transmit its radial force to the frame. Thus the frame relaxes (moves toward its
unstrained position) while the shell at mid-bay deflects further. This can be seen in figure
7.3 where the components of the total deflection of figure 7.2 (reduced shear rigidity) are
displayed. Slopes are zero at each end except for shear deflection at the frame.
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Figure 7.2 Shell Deflections (Total) vs. Axial Position for 10 Metre, HY 80 Baseline
Hull with Infinite and Reduced Through-Thickness Shear Rigidity. x=O is Mid-bay and
x = 0.655 m is the Frame Location.
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Figure 7.3 Shell Deflections vs. Axial Position for 10 Metre, HY 80 Baseline Hull at 400
m Depth with Through-Thickness Shear Rigidity S = So /10. x=O is Mid-bay and x=
0. 655 m is the Frame Location.
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7.3 EFFECT OF REDUCING CORE STIFFNESS
Here a core proportion is selected and its stiffness is treated as a variable. The
difference between the approximate formulae and more rigorous formulae can be
illustrated by subjecting the baseline hull to an adequacy analysis with an ever softening
core. This also permits comparing the results of each mode to each other in order to
determine how each behaves without any redesign. As described in the previous
paragraphs, the iterating procedure was conducted using spreadsheet codes HYBHUL1
and HYBHUL2 to produce the pressure performance ratios for various core stiffnesses.
These are listed in table 7.3. Here, the more rigorous formulations are referred to as the
TTS result (including through-thickness shear), and the interframe buckling values are no
longer normalized, i.e., after the first case, the TTS result is given directly. Also for this
mode, the number of circumferential waves at the critical pressure is shown in brackets. It
is shown that with a weakening core it becomes increasingly easy to form more lobes.
Note that level of through-thickness shear cannot be directly compared to that used in
table 7.1.
LOG10  Interframe Buckling Interframe Yield General Instability
Eo / E approx. TTS approx. TTS approx. TTS
0 1.00 1.00 1.00 1.00 1.00 1.00
-0.5 .985 .969(13) .936 .938 .925 .951
-1 .981 .960(13) .917 .918 .901 .935
-1.5 .979 .948(13) .910 .912 .894 .928
-2 .979 .910(14) .908 .909 .892 .909
-2.5 .979 .805(15) .908 .906 .892 .885
-3 .979 .567(18) .908 .901 .891 .783
Table 7.3 Mode Performance Factors vs. Core Stiffness for 10 Metre, HY 80 Baseline
Hull with t / t = 10 %, v. / vf = 1.0, Number of Interframe Buckling Waves shown in
Brackets
Considering the TTS formulations, it is apparent that the modes most affected depend on
which range of core stiffness is used. For stiffer cores, the interframe yield mode is most
affected while the interframe buckling mode is least affected. With the core stifflness less
than E f / 100 however, theses modes cross and the opposite effect occurs. This can be
seen in figure 7.4 below.
1.5
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Figure 7.4
Stiffness for
= 1.0
Mode Performance Factors Including Through-Thickness Shear vs. Core
10 Metre, HY 80 Baseline Hull at 400 m Depth with t , / t = 10 %, vC/ Vf
From table 7.3 the agreement between the approximate and exact formulae can be
readily seen. The interframe yield mode is never more than one percent out from the exact
solution. This is an remarkable result considering that the hull knows nothing of the
increased deflection due to weak through-thickness shear rigidity alone. However, from
table 7.1, we see that the shear rigidity alone has little or no effect on stress; therefore, the
bending and extentional rigidities must be responsible for any increase in stress. The
approximate formulae account for these effects accurately. The interframe buckling
approximate mode behaves in a manner that we might expect. With stiff cores it agrees
closely with the exact method but rapidly becomes much too optimistic with weakening
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shear. With general instability mode the approximate formulation first under estimates the
failure pressure then becomes too optimistic as the core stiffness decreases.
7.4 WEIGHT IMPACT WITH REDUCED CORE STIFFNESS
The most valuable conclusion of this thesis may be determining the effect on the
buoyancy ratio. In this section core stiffness is reduced but the hull is continuously
redesigned in order to maintain its original depth performance of 400 metres while
achieving all the specified factors of safety. These are produced by the spreadsheet
HYBHUL2. This is far from a trivial problem due to the complexities of weight
optimization. The problem is that a great many parameters come in to play to produce six
measures: the five factors of safety (or five performance factors) and the buoyancy ratio.
For a given material and hull diameter the problem is still not sufficiently constrained to
produce a unique solution. Simply finding the combination which makes all five exactly
equal to unity isn't enough. There may well be several combinations of scantlings and
dimensions which satisfy the factors of safety. Obviously, it is desirable to find the
combination which is most efficient, i.e., the one which produces the lowest buoyancy
ratio. To further compound the problem, it should be realized that in a lot of instances, a
more weight efficient pressure hull is produced by actually having the structure exceed the
factor of safety (normalized) in some modes, but maintaining unity in others. Finally, there
may be other design criteria that emerge from other elements of submarine design. The
payload may require a minimum clear-bore diameter inside the hull, or survivability
considerations may dictate a maximum bulkhead spacing.
First, to see the effect of reduced through-thickness shear rigidity on the baseline
hull, the hull can be redesigned to exactly achieve unity in all five performance factors for
each case. Such results are shown in table 7.4. For all but the first case, S = oo, the density
of the core is assumed to be one third that of the face material.
Examining the results, it can be seen that in general the buoyancy ratio goes up
with decreasing through-thickness shear rigidity. Note that the buoyancy ratio actually
goes down if the core stiffness is Ef / 100 or less. This can be explained in realizing that,
although all factories of safety are exactly met, the optimum design has not necessarily
been achieved. The last two cases happen to be closer to their optimum values.
-LOG1 o E, /E, O 0.5 1 1.5 2 2.5
Plate Thickness (cm) 4.91 5.30 5.45 5.47 5.47 5.32
Frame Spacing (m) 1.310 1.500 1.585 1.580 1.525 1.290
Comp.Spacing (m) 20.85 20.85 20.86 20.84 20.80 20.50
Flange Thickness (cm) 5.00 4.30 4.23 4.00 3.90 3.50
Flange Width (cm) 18.0 18.0 18.0 18.0 18.0 18.0
Web Thickness (cm) 2.00 2.00 2.00 2.00 2.00 2.00
Web Height (cm) 38.4 42.9 44.0 44.9 44.6 43.3
Buoyancy Ratio (%) 19.005 18.550 18.815 18.827 18.881 18.768
Table 7.4 Dimensions of Redesigned 10 Metre HY 80 Baseline Hull vs. Core Stiffness
with Factors of Safety Met Exactly in Each Mode. Flange Width and Web Thickness Held
Constant. tC / t = 10 %, vc / Vf = 1.0, p(core) / p(face) = 1/3 for all but first case.
As previously mentioned, it is not always the hull with factors of safety exactly
satisfied which is the most efficient structural design. As an example, the baseline hull
detailed in table 2.3 can be redesigned in order to improve its buoyancy ratio. Generally,
the plate thickness is reduced but frame spacing is also reduced for support. This recovers
the performance in the interframe yield mode but causes the interframe buckling mode to
be stronger than minimum required. Frame scantlings can be reduced, and any lost
performance made up by moving in bulkheads. The net result is a lighter structure which is
arguably stronger as well, due to increased factors of safety in several modes.
Such a hull is detailed in table 7.5. Even with the flange width and web thickness
held constant, every buoyancy ratio is lower than those of table 7.4. As such, table 7.5
details hull designs which are weight optimized to a higher degree than in the previous
table.
From each of the last two tables it is obvious that only a very minimum weight
impact has resulted with the baseline hull. Of course, the weight savings realized with the
second case (-LOG10 E, / Ef = 0.5) is due to the assumption that the core stiffness is one
third that of the face material. For a visco-elastic material, this is probably not realistic for
stiffnesses greater than two orders less than the face. However, for the fifth case where the
core stiffness is two orders less stiff, the density assumption is fully valid and it can be seen
that the hull has experienced a weight penalty of less than one percent.
-LOG10 E, /E, 0 0.5 1 1.5 2 2.5
Plate Thickness (cm) 4.81 5.08 5.16 5.19 5.21 5.28
Frame Spacing (m) 1.215 1.220 1.220 1.220 1.220 1.250
Comp.Spacing (m) 19.70 20.10 20.20 20.30 20.30 20.45
Flange Thickness (cm) 3.82 3.75 3.75 3.71 3.71 3.50
Flange Width (cm) 18.0 18.0 18.0 18.0 18.0 18.0
Web Thickness (cm) 2.00 2.00 2.00 2.00 2.00 2.00
Web Height (cm) 41.2 41.4 41.4 42.6 41.5 43.3
Buoyancy Ratio (%) 18.597 18.329 18.547 18.618 18.669 18.763
Table 7.5 Dimensions of Redesigned Weight Optimized 10 Metre HY 80 Baseline Hull
vs. Core Stiffness with Factors of Safety Met or Exceeded in Each Mode. Flange Width
and Web Thickness Held Constant. t C / t = 10 %, vo / v, = 1.0, p(core) / p(face) = 1/3
for all but first case.
Generally, only subtle changes are needed to optimized the hull. The most affected
parameter is the plate thickness which requires a six percent increase with the introduction
of the core (case 2) and progressively smaller increases as the stiffness is reduced further.
The optimum frame spacing remains about constant over a wide range. With the frames,
their area decreases while their moment of inertia increases slightly with reducing shear
rigidity.
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CHAPTER 8 - CONCLUSIONS AND
RECOMMENDATIONS
8.1 GENERAL
This work represents one necessary element of the whole effort required to
develop a fully feasible "split shell" pressure hull. The other areas are fabrication and
detailed structural design where such items as penetrations, transitions and joints must be
considered.
This thesis is a comprehensive analysis only in its scope and depth of the standard
pressure hull failure modes. When the layered sandwich is modeled as a special plate with
a variable through-thickness shear rigidity, the analysis of considered modes is able to be
modified based on revised assumptions. In particular, the usual assumption of infinite
through-thickness shear rigidity no longer holds. Using the method of partial deflections,
the interframe buckling and interframe yield modes include the effect of shear beginning
from the same Donnell equilibrium equations. The knowledge gained from the interframe
yield analysis and that of the approximate equations of chapter 2 are used to derive an
effective plate width for the general instability mode. The analysis is also valid for
externally framed pressure hulls with minor changes. It should be realized, however, that
doing so would be to assume complete plate integrity while the frames pull the outer face
layer outward. This is probably a valid assumption considering that circumferentially, all
layers should still be in compression.
From the analysis, computational tools have been developed to compute the
structural adequacy of a hybrid sandwich hull. They can be used to determine the
feasibility of a proposed design which delivers a desired acoustic performance. The
structural performance of any hull can be analyzed; the weight penalty incurred from a
design may be acceptable to the designer depending on the weight balance of all remaining
weight groups such as payload, propulsion, secondary structure, etc. The vessel's mission,
speed and operating depth will be major influences.
One rather useful result would be acoustic performance vs. buoyancy ratio for
various candidate visco-elastic materials and hull dimensions. This was not done for
several reasons. The visco-elastic materials' modulus is frequency dependent thus the
structural "design point" is different from the acoustic design point. The loss factor is also
frequency dependent and requires a frequency or range selection.
Apart from the direct derivations used for pressure hull applications, there are
several analytical results which may prove useful in other related areas. With the
interframe buckling mode, equation (3.38) can be evaluated to predict buckling failure for
general loads (torsion, pressure, etc.). This may find use with such structures as composite
shafts. With the interframe yield mode, equation (4.79) predicts the axi-symmetric
buckling failure of an unstiffened cylinder with finite through-thickness shear rigidity
subjected to end loading.
8.2 CONCLUSIONS
The following can be concluded from the analytical and experimental results:
A. From a weight standpoint, it is very realistic to construct a pressure hull from
layered plate such as the hybrid sandwich with a visco-elastic core whose stiffness is
approximately two orders less stiff than the plate material. Full size, military submarines,
designed to operate at intermediate depths, incur a penalty in the vicinity of only one
percent compared to the same submarine constructed of solid plate. The 10 metre, HY 80
baseline hull with a 10 % core incurs a weight increase of only 0.6 percent.
B. Standard pressure hull design consisting of a rolled plate with equally spaced
stiffeners and intermittent bulkheads/kingframes can still be used. Feasible designs for soft
core sandwiches are able to be achieved without undue restrictions on the clear bore
diameter or the compartment lengths.
C. By altering through-thickness shear rigidity alone, the baseline hull is affected most
with interframe bucking, next with general instability, and virtually not at all in with
interframe yield.
D. The approximate formulations compare very well in the interframe yield mode over
the whole core stiffness range examined (three orders less stiff than the face) while the
other modes compare reasonably well up to one-two orders less stiff.
E. The integrity of the analytical interframe buckling formulation as well as the plate
shear model holds up through good experimental agreement with a buckling test on a two
dimensional hoop.
8.3 RECOMMENDATIONS
The next step in utilizing this work is to use the computational tools to investigate
hulls of desired materials and dimensions. This can be a very time consuming process
which is much better facilitated with an automated programme which optimizes the weight
in each case. As pointed out in the results, this is a multi-dimensional problem which
presents a very complex optimization challenge. The suggested algorithm for each code
should be used.
The experimentation conducted in this work is far from comprehensive. It is
recommended that a scale model, representing one compartment, be constructed and
hydrostatically tested to verify the stability and stress analyses. If possible, a test should be
done on such a hull using the actual visco-elastic material.
A large number of assumed parameters were used to generate the baseline hull.
The effects of reducing shear rigidity on a hull may vary depending on their choice. It is
only through a comprehensive and systematic study of all variables that detailed
quantitative conclusions can be reached. Further computational checks should be made on
hulls of varying diameter, operating depth, material (face and frames) and allowable
eccentricity. The same can be said for the factors of safety used in each mode. The analysis
and computational tools are also valid for unstiffened hulls (with appropriate inputs) and
these should be investigated to quantify their buoyancy impact.
The assumption that the mid-bay stress best predicts failure may need to be
investigated with the split shell. The HYBHUL2 spreadsheet indicates that the shell stress
at the frame, experiences a similar increase when compared to the mid-bay stress with
reducing shear rigidity. Because their relative value remains about the same, the original
assumption has been maintained, i.e., that the mid-bay stress will still indicate failure with
the split shell design.
It is recommended that the hull be modeled using finite element analysis to verify
both the stability and stress failure modes. In particular, the interframe yield mode in the
vicinity of the frame should be checked where the model does not fully satisfy boundary
conditions in the shell. A finite element model including non-linear effects may be the only
tool to properly analyze this problem.
One aspect not considered in this work is microscopic and local effects such as
delamination and ply buckling. This should be undertaken to complete the structural
model.
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APPENDIX A - PROPERTIES OF LAYERED PLATE
For our notional plate the equivalent properties must be derived from those of the
layers which it is composed of. The shell is made from a symmetric, three layer sandwich
with a core substantially less stiff than that of the faces. We will draw upon the theory of
Classical Lamination Theory (CLT) in order to derive the properties. We will also
consider orthotropic layers, i.e., give regard to the different properties in the major axis
for each layer, and for the plate as a whole. Such a structure would be referred to as a
"symmetric laminate with multiple specially orthotropic layers" [9]. This means that the
layers have principle material directions aligned with the laminate axes.
EXTENTIONAL AND TRANSVERSE SHEAR RIGIDITY
Using CLT, the force-strain relation can be written:
Nx A Z, A( ) 0 ex
NY = A21 A22 0 By (A. 1)
N O 0 0 A6s 'y
N
where Ag = (Qj)K tK, (A.2)
K=1
and for each layer, K, where:
Q , (A.3)1--VlV21
Q12 2 21, (A.4)1- V12V21
Q22 2 (A.5)1- V 2V21
Q66 = G. (A.6)
Note in the orthotropic layer the shear modulus G cannot be related to Young's modulus
in the same manner as in isotropic plates. Usually G must be measured.
More accurate theories are available such as that by Pagano and Pipes [12] which
take into account the differing Poisson's ratios of layers. When the layers are forced to
have the same strain in the x- and y- directions (as in a sandwich or composite), equal and
opposite shear forces are transmitted to adjacent layers which further complicate the
analysis because each layer is no longer in a state of plane stress. However, it will be
shown that for our notional plate, this kind of model is not required and the CLT with
certain amendments, will provide sufficient accuracy.
Thus far we have defined the extentional and transverse shear rigidities for our
plate. Going to contracted notation used in this thesis we have:
Ax = A11, Ay = A22 ,  Sxy = A66. (A.7)
Note that terms A,, = A21 are never formally used in most derivations contained in this
thesis. However, they are really present in the various formulae requiring them through
the proper combinations of extentional terms and Poisson's ratios.
POISSON'S RA TIO
First note that changing to contracted notation vx = v21 , and v, = v 2.
Through (A. 1) it can be seen if N x acts alone:
~t + Ex t
, A 1- vvy 1 - VVyV 11 - VXV ,I (A.8)
S A12  VE, vE,
(tVXVJ+ VXVYI t)f1- vy, 1- VVy ,
where the properties of the core and face are denoted with a "c" and "f', respectively. If it
is expected that tf > to and Ef >> E» as in the hybrid sandwich, the core
contribution can be disregard in (A.8) so that it reduces to:
S= vE (A.9)
E
In other words the plate's Poisson's ratio is also that of the face. Thus we state:
vx = Vfx, and vy = v,.f (A. 10)
BENDING STIFFNESS
The bending of the equivalent plate is given by:
Dij 3 (Qi) K - ZK-1 (A.11)
Poisson's ratio could be defined in terms of bending stiffness, in much the same
way as was done from the extentional stiffness matrix with:
Mx D,,11  D12  0 Kx
My = D21 D22 0 D iY (A.15)
Mxy 0 0 D6_6 Kxy
However, the same simplifying argument is even more convincing; the core contributes
little to the plate bending stiffness thus, Poisson's ratio, when derived from it, will equal
that of the face material. Again, changing from contracted notation we state:
Dx = D11, (A.16)
Dy = D22 ,  (A.17)
Dxy = D6. (A.18)
THROUGH-THICKNESS SHEAR RIGIDITY
So far, we have considered only the plate in a state of plane stress/strain. With the
introduction of a soft core, it will be seen that through-thickness shear strain y x, and y y.
can become substantial and cannot be ignored. If a force Nx, is applied, the shear strain
deflection can be added up (due to the same shear stress) in two adjacent materials using
Y = r/G and multiplying each side by t we get: t t, t (A.19)
G G C G,
and rearranging: G = (A.20)
to tf
GC Gf
Now we see that with a core one-tenth the total thickness and one-hundredth the
face's shear stiffness, the core dominates the through-thickness plate shear rigidity.
Finally, as previously mentioned, we cannot define the shear modulus for each
layer in the usual way unless we have material isentropy , i.e.,
E
G = (A.21)
2(1 + v)'
no longer holds (Ugural [4]). Therefore G must be specified for the material if orthotropic
(in both the x- and y- directions) and, with (A.20) the plate's through-thickness shear
modulus can then be computed. The plate through-thickness shear rigidity is then:
S = tG. (A.22)
Thus with the plate's orthotropic nature, we have both an S, and S,.
APPENDIX B - MATHCAD SPREADSHEET SUBSTRC FOR
TRADITIONAL PRESSURE HULL DESIGN
This appendix contains a copy of the computer code SUBSTRC which computes
the performance of the five main pressure hull failure modes. The code is suited only for
hulls of a solid shell (no sandwich). The code is preceded with a hull dimension legend
which explains the variables used in the code, and also instructions for the programme's
use.
Ls is the spacing between
bulkheods/kingframes
Axis of Symmetry
Figure B. 1 Hull Dimensional Legend
MA THCAD
On the following pages is the computer programme SUBSTRC. It is in
MATHCAD (4.0) format which is a free-style spreadsheet. It has "live" inputs at the
bottom which are parameters that the user is expected to manipulate often. These are
located next to the results so that once the other inputs are set, the user can operate the
sheet from the bottom without panning. Live inputs use a special " " symbol which sets
their value everywhere in the spreadsheet. This is different from the ": =" sign which only
changes the value in the variables below that point. Any value set with these can be
changed by the user. Also, the "=" symbol simply displays the value.
1
INTERNAL ITERATIONS
Three of the failure modes require "internal iterations" within each run. The modes
are: interframe yield, general instability, and frame yielding. Iterations are required
because these depend on an assumed pressure which is not necessarily equal to the critical
pressure in the mode pressure. This is discussed in section 7.1. Accurate mode
performance factors can only be achieved if the assumed and critical pressures agree in
each mode. Convergence is usually achieved in 2-3 iterations. If a hull is being redesigned
to achieve a performance factor of 1.00 then the increased accuracy is of no use to the
operator; the applied pressure can be set equal to the design pressure (for that mode) on
the first run. Then, when a value of 1.00 is achieved, the applied and critical pressures will
match. Note also that the general instability mode must be satisfied before the frame yield
mode which depends on its result.
Apart from this, there is another internal iteration required for the interframe
buckling and general instability modes. These require finding the value "n" to achieve the
lowest critical pressure (lowest performance factor). This is in the range of 10-15 for
interframe buckling and 2-3 for general instability. These operations can be done at the
bottom of the page. If the hull is continuously redesigned to meet the factors of safety,
then the value of "n" seldom varies from its original value.
HULL DESIGN PROCEDURE
The following is a suggested design and weight optimization procedure to get the
user familiar with pressure hull design. A more detailed methodology can be found in
Gorman and Louie [4].
1. Begin by selecting all major properties such as material, diameter etc. which are set
at the top. Decide upon factors of safety and set operating depth.
2. Select a plate thickness that satisfies the interframe yield mode (its performance
factor = 1.00) after setting frame area to zero. This can be done by choosing thin
scantlings or moving frames very wide apart.
3. Select a frame spacing which satisfies the interframe buckling mode.
4. Select the frame proportions to satisfy their yield and stability modes. Generally,
increase the area to improve yield mode and increase moment of inertia (higher web) to
improve stability.
5. Select compartment length to meet the general instability mode performance.
6. Return to step 2 and reduce plate thickness in order to satisfy the interframe yield
mode again. Continue through the steps until all five factors are equal to 1.00.
7. If further weight optimization is required at this point, systematically vary the shell
thickness with frame spacing while recording the buoyancy ratio. Be prepared to allow the
interframe buckling mode factor to exceed 1.00 while always meeting the interframe yield.
8. Once the weight is optimized, explore frame shapes. See if a thinner but higher
frame can do the job or efficiently. The frame yield mode can sometimes be satisfied with a
small adjustment of the compartment length. Usually this is more efficient than increasing
frame size. Be prepared to exceed the general instability mode performance factor.
9. Return to step 7 and repeat the procedure.
SUBSTRC (submarine structure) PROGRAMME TO COMPUTE
SUITABILITY OF SUBMARINE DESIGN PARAMETERS (METRIC)
Reference: Pope SM Thesis, 1995 rev 1 10 Jan 95
This programme computes the safety factors of the following criteria given hull material, scantlings
and dimensions: a. Interframe Buckling;
b. Interframe Yield; NOTE: Programme does own conversions
c. General Instability; Thus none included in formulae.
d. Frame Yielding; and
e. Frame Instability.
ASSUMPTIONS: Thin shell theory used, shell material same as frames, shell plate is isentropic.
Units note: the 'm' is eventually
LIVE INPUTS AND RESULTS ARE AT THE END used for wave number so define:
metre := m
PART 1- INPUTS AND GENERAL CALCULATIONS
A. Inputs
Define input parameters:
Operating depth:
Material:(HY80)
Dt :=400m
Density:
water: p :=1027
lbfyield stress: a := 80000-
.2
m
Young's modulus: E :=2.051011.kpa
eccentricity: 0.50 De 0- e = 2.5cm
100 2
kpa := kg- (sec2.m) -
Poisson's ratio: v := 0.3
density: p st := 7.8 10 kg
m3m
B. Preliminary calculations
Compute radius: D standard frames:R
2
flange
Afl:=tfl-wf
web
A w:=t wh w
total
A :=Af+A
w
A = 166.8*cm2
Frame cg t h,
radius: cg 2 2
A fl. 
2
A
Frame radius:
R cg = 4.666*mcg
Compute
areas:
b :=t w
t
Rf:=R- -
2
--
C. Buoyancy ratio Rfl :=Rf- h - t fl-0.5 R, :=Rf- h w0.5
Compute structural
efficiency
(buoyancy ratio): A : / 1 1 ARtA2
-pst- RA wI +Rfl-AfR.+Rfl-3+R-t
L L L
A = 5.262
11.100= 19.005
A
PART 2 - INTERFRAME BUCKLING Safety factor is (2.25 normal):
Critical
pressure:
P cIB
Pressure loading is: PP := p.g.D tSF ib
t 2.52.42-E- -
D 0.45 .75
L 0.5t - 2) 0.75
_ 0.4 
- (
P cI = 1.312'
P I
SIBPPP
PP = 1.31510 "psi
10 .psi PERFORMANCE
FACTOR
B
7 IB = 0.9 9 8
PART 3 - INTERFRAME YIELDING Safety factor is ( 1.5 normal ):
Pressure loading is: PP :=p.g.D t
Effective RA eff :=A-
area: Rgcg
PP =4.0291f *kpa
Iterate this pressure until we
have a match at the bottom:
applied pressure:
P:= 4.024106 .kpa ###
Slenderness
parameter:
Area ratios:
Aeff
a .
L-t
/ 2\->2 0.25
0 :=L.- 3-(1-v2)
(R. t)2
Pressure
ratio:
0 = 3.398
t w
L
p = 0.015 The roots are:
Compute the "F" functions:
F 4 cosh ( 11" )2 _- COS( 2 0)2
0 cosh (7 10).sinh (t 1-0.) cos (1 2'0)-sin (1 2-0)
-- 712
:.- 2-
2-E \t
I =0.168
11
2
Sl2::l' 1+ --
2
F 1 = 0.604
SF ib := 2.25
SF iy := 1.5
2
cosh (1 I-0)-sin('1 2.0) sinh ( 1-0) cos(1 2.0)
T 2  'l
11 '112
F4:= -
(1) s (1 1.0) 2os T0).sin (12'0)
11 T'12
Mid-bay shell stress (outer) is calculated,
since it is the best indicator of failure:
1
SxmON= -+2
(1i 
-.a-F4
a + p +(1- P)-F 1
F 2 = 0.266
F 4 = 0.885
The "N" is used because these are
normalized to the hoop stress. Our failure
criteria will be yield at mid-bay.
AXIAL
SxmoNP'" = 4.371"10 -psit
ymoN := 1+ (1-F 2+v.F4)a+P+(1- P).F 1
CIRCUMFERENTIAL
SymoN"-P- = 5.943 104 psi
Combine the principle stresses:
o 2 := xmoN OIYN:=( 1 - 1' 2 + " 2
applied pressure: P = 4.024, 1f *kpa
adjusted pressure: Pa-Pa a IYN SF i
R-a yN SF iy
P= 4.024106 *kpa
PERFORMANCE
FACTOR:
# iterate "applied" until
equal to "adjusted", this ensures
that FS = 1.5 exactly:
P
7 IY: PP
1 Iy = 0.999
PART 4 - GENERAL INSTABILITY Safety factor is:
Pressure loading is: PP := p-gD tSF gi
Compute clear length: Lc :=L- t w
applied pressure:
SF gi := 3.75
PP = 1.511 107 kpa
P := 1.511107.kpa ###
Bending effect
near frame:
K sinh(0)- sin(0)
sinh(0) + sin(0)
S1 := 0 ymoN a IYN= 0.897
Pressure P 3( y) =0.631 The roots are: ; 1 4=
ratio: 2 2
2'E.L
1 1 = 0.304
1
112 :=+" 1+
2
2 = 0.639
The "Fl" function is: 4 cosh (111o) cos (1 2')2FI:=
0 cosh ( 1.0) -sinh ( 1.0) cos (1 2.0). sin(11 2.0)
+
41 112
Effective plate length: Leff :=L c-F +tw L ef =0.606*m
Theoretical critical lobe
number values are:
Circumferential: n :=
Longitudinal: R
m:= --
Ls
Frame-plate neutral axis
(ref web centre+ toward flange):
y n= -9.674*-cm
Moments of inertia for plate,
flange,web:
Effective
plate area:
n =1.975
m =0.753
Sna
L eft 3
I -
12
A eff := Lfft
A eff = 297.68*cm2
*SET* n:= n GI
hw+tfl h-+t
2 A fi- 2 A effA eff2 2
Aeff+Aw+Afl
3Wftfl
I12
12
t .h w 3
12
Correct the moments of inertia:
Ifcor :=If+Aft( 2 Yna
Total: Ieff := Ipcor + I wcor + Ifcor
Ipcor :=I+ A ff +Yna
Iwcor :I w+Aw.(yna) 2
I ff = 1.4873 10 cm
n - 1).E.I e
R.Rf.L
cGI= 1.5 11*107 kpa
Applied pressure:
Critical Pressure:
P
-1
P cGI
P = 1.511-107 kpa w##m# iterate "applied" until
equal to "critical", this ensures
P cGI = 1.511*107 kpa that FS is met exactly:
PERFORMANCE
FACTOR: P cGIY GI. PP 7 GI = 1
F 1 = 0.454
The critical
pressure is: BEtP R 2nn
4
n? 2 2)21+ 2 n +M
m2
"'
PART 5 - FRAME YIELDING
Pressure loading is:
Compute direct
stress:
Area ratios:
tw
pf:= -w
L
p = 0.015
PP:= p.g.D t
PP = 4.029'106 *kpa
D-t
A 2
a :-
P L-t Rfna
a = 0.264P
Radius to
frame NA:
Pressure
ratio:
applied pressure:
P := 4.039 10-kpa ###
t h,
Rfna :=R- Yna2 2
R fna = 4.88*metre
v 2)12
The roots:
n 1 2 1- P)"1
1 /I \
Compute the "F1" function:
4F
cos (n
cos (n
F 1 = 0.559
Compute direct
stress:
0 direct
r =0.1691 P
n2:= '.(I+ p)
Stress adjustor:
SA :=1- 
-
2 .0).sin (n2-0) + f(+ (1- f)F 1
n2
SA = 0.681
a direct = 2. 5 9 7*108 *kpa
I - V P. t 2
\2 2  2)
-SA
t- R- 
- h W- t f
Compute bending stress due to eccentricity: Shell-frame
length:
E.c.e.(n2- 1) P
Obend 2P
I , .. , \2 cGI- P
t w2 
2
Sbend
t
c :=-+hW+tfl
2
= 1.08*10" *kpa
Yna)
a fr := o direct + o bend a fr = 3.67 ' 10e *kpa
Applied pressure: P = 4.039106 -kpa
Adjusted pressure:
Depth pressure:
P a := P
a fr. SF fy
PP = 4.029 106 *kpa
P a = 4.039106 -kpa ##### iterate "applied" until
equal to "adjusted", this ensures
that FS is met exactly:
a
7 FY := PP 7 FY = 1.
0 0 2
Bending
stress:
Total stress:
Safety factor is: SF fy := 1.5
p :=p [3(1-P 2-E t
PART 6 - FRAME INSTABILITY
Pressure
Ap := tL loading is:
SFfy := 1.8
PP =7.251" 1l -kpa
Frame-plate neutral axis
(ref web centre+ toward flange): y na2
Moments of inertia for plate,flange,web
(compute Ip using actual plate length):
Ap+Aw+Afl
L.t3
P' 12
Y na2 = -14.78 5*cm
Ip = 1.29210 *cm4
Correct the
individual moments Ifrom the na:
I wcor : I w A wY na2
t hw
cor :'=Ip +Ap" -+ 2
h t 2wfl
Ifcor :If+ A f + -+ Y na22 2
Then total plate/
frame moment I:= Ipcor+ I wcor + I for
of inertia is:
25E I
PcFI 2
D na L
P cFI = 7.25310 -kpa
I= 1.779105 'cm4
D na = 9.863*metre
PERFORMANCE
FACTOR
P cFI
7 FI p FI=1P
PP
PART 7- INPUTS AND RESULTS
A. User Parameters
shell diam D= 10m flange thickness t fl-5.00cm
frame spacing L-1.31m flange width w lg8cm
bulkhead spacing L .- 20.85m web thickness t w-2.0cm
shell thickness t-49.1.mm web height h -38.4cm
B. Results Summary
MODE PERFORMANCE FACTORS:
BUOYANCY
RATIO:
1100= 19.005
A
Interframe buckling
Interframe yield
General instability
Frame yielding
Frame instability
IB = 0.998
7 Iy = 0 .9 9
9
7GI=1
7 FY= 1.002
NOTE: a tolerance of + - .003 is
suggested.
nGI- 2 ### Iterate this value until the
lowest factor is found
7 FI = 1
END
Area of
plate:
Dna:=D- t- h w - 2y na2
Diameter
to NA is:
Compute
pressure
limit:
~)UCILI~~CI~U·C)CI~~~CI·C)h)eYLle~lCICI·
-~~~~ - - ~~ - ~~~~~ - --- - - - --IIC)·Lle
Safety factor is:
fi hw t hw
2 + 2 -Afi- 2+-- -AP
APPENDIX C - MATHCAD SPREADSHEET HYBHULI FOR
APPROXIMATE FAILURE MODE PREDICTIONS OF
A STIFFENED SANDWICH SHELL
This spreadsheet computes the performance factors for the first three hull failure
modes. Since frame modes are not considered, it cannot be used to design the entire
pressure hull; instead it simply provides a comparison of the results of the more rigorous
analytical derivations found in the HYBHUL2. Refer to instructions in appendix B for an
explanation of the spreadsheet operation including internal iterations.
100
HYBHUL1 (hybrid hull) PROGRAMME TO COMPUTE SUITABILITY
OF SUBMARINE DESIGN PARAMETERS. rev 1 14 Oct 94
Reference: Pope SM Thesis, 1995
This programme computes the depth performance of a symmetric, 3 layered sandwich shell
composed of isentropic layers and stiffened with circular frames. The following modes are dealt
with: (all pertain to the parallel portions of the hull):
a. Interframe Buckling, NOTE: Programme does own conversions
b. Interframe Yield, and Thus none included in formulae.
c. General Instability
ASSUMPTIONS: Thin shell theory used, face material same as frames, shell plate properties
in x and y directions equal. Through-thickness shear rigidity is infinite.
LIVE INPUTS AND RESULTS ARE AT THE END Units note: the 'm' is eventually
used for wave number so define:
PART 1- INPUTS AND GENERAL CALCULATIONS
A. Inputs
Define input parameters:
Operating depth:
Material:(HY80)
Dt :=400m
kpa := kg.-m sec - 2
Density:
water: p :1027kg
3m
lbfyield stress: ay:= 80000
.2
m
Poisson's ratio: v :=0.3
Young's modulus: Ef:=2.0510d'kpa
0.50 D
e: - e =2.5"cm
100 2
density: p st := 7.81 .kg
3m
B. Preliminary calculations
Compute radii:
Compute areas:
flange,web: A:= t -w f
frame cg
radius:
DR:=2-
2
Aw:=t wh w
t hwR :=R-S 2 2
core thickness:
tf:=t- tc
t
Ry:=R- -
t .=t.P
t :=t.Pc
standard frames
b :=t
frame: A:=Afl+Aw
2A = 166.8*cm
A h w+ t fl)
2
A
R = 5 metre
Rcg = 4.666-metrecg
C. Equivalent properties
Compute moments of inertia:
Define the moduli
through the thickness:
If:= I. -( t3 - tc )12
E(z) :=Ec+ (Ef- Ec).
t
12
EC
I :=If+ fIc
Ef
101
metre := m
eccentricity:
Zt Cz>-2
_ _
Compute bending and extensional
stiffnesses [A.2] & [A.11]:
+ (Ef- EC). z> .z2dz
00.5-t
Do:=2. 1 E. Z d
1- v 0-cm
0.5t
A :=2. 2 Efdz
1- v 0-cm
Now compute equivalent thickness from equivalent bending and extensional rigidities:
Bending [2.2]:
feeq i 12-D 0-tA = -
Stress [2.14]: Extension [2.3]:
12-I
(tt q)
te = 4.424-cm
Compute equivalent modulus:
t q= 5.171cm
t e :=t f+-•ft cb = 4.65Ef
tb =4.658-cm
bending [2.1]: 2
eq 2.75 10 kpa
E q=1.753'10"3 .kpa
PART 2 - INTERFRAME BUCKLING
extension [2.4]
Ee =1 (Eft f+ Ectc)
E e = 1.8471011 kpa
Safety factor is (2.25 normal) : SF lb := 2.25
Pressure loading is: P := p.g-D tSFlb
t e4E q 2.S
2.42"Eeq . 2- R
P
P =9.064 10' -kpa
P c=B 8.87 106 *kpa
PERFORMANCE
FACTOR
7 B = 0.979
L 0.45 t 1-v
2-R 2*R
PclB
Y IB P
PART 3 - INTERFRAME YIELDING Safety factor is ( 1.5 normal):
Pressure loading is:
PP := p.gD t applied pressure:
PP = 4.029 106 kpa P := 3.660 10 .kpa
102
D :=2.- Ec
A :=2.-
Critical
pressure
[2.15]:
SF := 1.5ly'
2) 0.75
C 2c 1
Ec+ Eg-Ec)( z>2 dz
"O .--B c
Slenderness
parameter [2.17]: 0 :=L. { 3.(1- v2 q) 0.25
(R.t eq) 2
0 =3.312
Effective frame
area[4.50]:
A eff:= A
cg
Area
ratios:
Pressure
ratio [2.19]:
t
. w
t~ e 22-E2.E 1 'eq
eq R
The roots are:
p = 0.015
Aeff
a e a = 0.278
Compute the "F1,2,4" functions:
y =0.161
412
1. 112: 1= +Y2
F 4
F1 0'
cosh (1 1-0)2- CoS (2 2.0)2
cosh (1 1.0).sinh(l 1-0) cos ( 2.0).sin(r1 2.0)
111 12
r12 11I
F2  cosh (1 1snh ) cos 1 12.).sin 2.
91 12
cosh ( * 1 0)sin(1 2.0) sinh( I -0)-cos (1 20)-
F 3- 12 11
1- v2 cosh (1 1-0)-sinh( r1) cos 2 )-sin 1 2-0)
11 12
Mid-bay shell stress (outer) is calculated,
since it is the best indicator of failure:
Cr xmoN:
F 1-- vaF 42 +F
a p+(1-P)-F1L
a ymoN (1- ). (F 2 v.F4)
a 1 :=0 ymoN a 2 a xmoN
The "N" is used because these are
normalized to the hoop stress. Our failure
criteria will be yield at mid-bay.
AXIAL
R
SxmoNP- =2.722 10 *kpa
t
CIRCUMFERENTIAL
SvmoN.P.R=3. kpavmoN'- =3.6910 *kpa
a IYN:= (a1 2 - a 1-2+22) o IYN = 0.8891
103
F 1 = 0.626
F 2 = 0.305
F 4 = 0.887
j . ..
We must realize that the
"assumed" pressure influences the
various terms in the equation so
iterations are needed to get a match.
Applied pressure:
Adjusted pressure:
Depth pressure:
R
a iy:= P. -o IYN
te
SGy= 3.67& 10 *kpa
P = 3.66 106 kpa
Pa y
a IY SF iy
Pa =3.659106 *kpa #### iterate "applied" until same
as "adjusted", this ensures that FS
PP =4.0210kp 1.5 exactlyPP =4.029106 -kpa
PERFORMANCE
FACTOR:
PART 4 - GENERAL INSTABILITY Safety factor is:
Pressure loading is:
We put the pressure
ratio and other follow
on parameters as a
function of the as yet
unknown operating
pressure (critical
pressure).
Compute effective
frame spacing:
PP :=p-g-DSF gi
PP = 1.511 107 *kpa
Area ratio [2.19]:
Compute clear length
L :=L- t
SF gi : =3.75
applied pressure:
P := 1.34710 7kpa
. P R 2: 3E 2)The rootsare: (I2-Eeq t eq
The roots are: n
###
. = 0.594
1:=0.5 1-
n 2:=0.5 + 7
F 4 cosh (n 10)2- cos n 2-0)
0 cosh (n 10)-sinh n 10) cos(n 20)sin(n 20)
nl n 2
F 1 = 0.498
Effective plate
length: Leff:=L cF l + t L ef = 0.662"m
Effective
plate
area:
A eff := L efft
Theoretical critical lobe
number values are:
Bending effect
near frame:
._ sinh(0)- sin(0)K'.
sinh(0) + sin(0)
Circumferential:
*SET* n:= n GI
n:= +1 Rn = 1.982 Longitudinal: m :=x--R
L
Frame-plate neutral axis
(ref web centre+ toward flange): Yna-
h w+ t hw+t
2 2
A eff + A w+A fl
Y na= -10.34-cm
104
Oy
-1.5
ly4
Pa
PP
Siy= 0.908
m = 0.753
V
Moments of inertia for
plate, flange, web:
Correct the moments of inertia:
Iwor :=IwAw(yna) 2
Ifloor :=Ifl+Af- tfl w Yn2nh
I r :=Ip+Aeff + Yna
Total: Ieff:=Ip I or + I flcor
Ieff = 1.525105 *cm4
The critical E -t 4 ( - 1).E qI
pressureis P cGI eq t  Im eq eff
[2.25]: R 2 M2 2+ 2 2)2  RR 2.-L
7
P cGI = 1.34 7107 kpa
Applied pressure:
Critical Pressure:
P = 1.347107 -kpa
P cGI = 1.347107 *kpa
##### iterate "applied" until same
as "critical", this ensures that
FS is met exactly
PERFORMANCE
FACTOR
PART 5- INPUTS AND RESUI
A. User Parameters
Core proportion: Pc 10
Core Poiss
shell diam
frame spacing
bulkhead spacing
shell thickness
LTS
Core Modulus: Ec i1 4(2.05 10.kg.m - se-2
;on's ratio, density: v c=0.3 p c=2.61(..
D=10m
L-1.31.m
L s 20.85m
t-=49.1-mm
flange thickness
flange width
web thickness
web height
kg
m
t fl5.00cm
w fl 18.0cm
t w-2.0cm
h w-38.4cm
B. Results Summary
MODE PERFORMANCE FACTORS:
Interframe buckling IB = 0.979
Interframe yield Iiy=0.908
General instability I GI= 0.892
END
Iterate this value until the
n GI=2 ### lowest factor is found
-- ~~ - - ~ ~ ~~ ~ ~~ ~ ~~ ~
105
L efft 3
Ip 12
P' 12
W fl-t f "
12
t,*h hw'h w
12
P
- 1I
P cGI
P cGI
7 GI PP T GI =
0 .8 9 2
_ I_
APPENDIX D - DERIVATION OF IN-PLANE DEFLECTION
RELATIONS
In this appendix, relations are derived for u, and v, in terms of differential
operators [17]. We start by rewriting (3.26) and (3.27) as:
SSxy _ _2VI_A+ v x0, *
A, a2u,+Vx --) a p
Using the notation
VR
R x
Sxy 82u1S , a2UAx- I7 (D.1)
(D.2)1 aw, 2vI Sx 82vIRay ay2 Ay &2
SxyS+ v, =A x and the equations (D. 1) and (D.2)
Sy
+ Vx =+ 
Ay
are differentiated with respect to y- and x- respectively and written:
83V, V, a 2w, a3u, Sx, 83u,
kxay2 R &xay ax2ay Ax~ &y' .3)
a3u, 1 a2W, a3v Sxy, a3v,4 - . (D.4)
•x2ay R o•y axay 2  Ax 4)
To get a relation for u1, we substitute (D.3) into (D.4) we get:
3
'u, 1 a2W, Vy a2w, 1 3U1  Sxy a3u, Sy a3VIS +  + (D.5)X2ay Rxy R xay ax2ay2 ay3 A, ax'
Now we differentiate (D.1) with respect to x- twice and substitute into (D.5) after
differentiating with respect to y-. If we realize that vxA, = v, Ax
material many terms cancel and after simplifying we are left with:
(vy 1) 3W y Sx, a"w,
Ra RJ oxy 2 R Ay ~ax'
Sxy a4u,
Ar, X4
(S, S, 1( SX
AyAx ( (~A + x2 2 a
for an orthotropic
(D.6)
Sxy a4U 1
Axt 4"
Multiplying by t and simplifying we have:
-S y a3w, VS a LEUI
Ax axay2 Ay, x3
106
(D.7)
where the differential operator is defined:
SY a4 Sa S x S 4"L = + (1- vXy -v l + v , (D.8)AY yx AX A ) a Ox2a 2  Ax Y
To get a relation for v, we substitute (D.4) into (D.3):
a3v, v, 02W, 1 a2w, 1 3v, SX 3'vI Sxy 3u 1
&xWy R axay R N yxay Wxy 2  wVAy x' Ax ay (.9)
Next (D.2) is differentiated twice with respect to y- and substituted into (D.9). Again
using vxAy = vA x many terms cancel and we are left with:
(vy 1 3'w+ Sxy 8 3w 1
R R)V &2x y ARx y
Sxy 4V I SXy Sy 1 Sy 4 V SxY + 4Vl +. a4
Ay ~x4  A-yW Ax WV Ax + Ax y 4
Multiplying by 'V and simplifying we get:
S 1- v- v x)y + A 3  = LEV I  (D. 11)R ( A, xoy A x
The idea here is to express both in-plane displacements, found in the equilibrium
equations, in terms of the other deflections. With the relations developed, u, and v, can
be expressed in terms of the three remaining deflections. Conveniently, the same
differential operator can be used for each. Under the rules of differential operators u, and
vi can be expressed as the inverse of LE applied to the left hand sides of (D.7) and
(D. 11). The inverse of LE applied to a derivative of a function yields merely the derivative
of the function divided by LE applied to the function. However, care must be taken to
mind sign changes. We can also state:
LE(LE-' (w)) = LE-'l (L(w)) = w. (D.12)
Examining equation (3.31), it is actually the derivative of u, and vi with respect to x-
and y- respectively that is required. If we solve for u, and v, in (D.7,11) and take the
desired derivative we get:
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du, 1 -Say 4 v ySxy a4w
= L, -+ (D 2 S, !(.13)
&I= LE- S x - Y a* (D. 14)
oy = L A, Y  y Axw Oy3
These relations can now be used in equation (3.31) to eliminate the in-plane
displacements.
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APPENDIX E - HOOP DIMENSIONAL INSPECTION RESULTS
The following table indicates the pre-tested dimensions of the hoop specimen.
Outside diameter and total thickness are listed against the station of measurement. The
station indices correspond to the strain gauge channels listed in appendix G. It should be
noted that thickness and diameter readings at all stations showed no deviation in the axial
direction. Also, since inner and outer face rings were manufactured by turning, no
deviations in their thicknesses were measured (to the same accuracy used below). Thus,
deviations in total thickness indicate a change in core thickness.
STATION THICKNESS (mm) OUTSIDE DIA. cm
0 7.60 50.29
1/2 7.60 50.28
1 7.60 50.30
1 1/2 7.60 50.27
2 7.58 50.29
2 1/2 7.60 50.29
3 7.60 50.28
3 1/2 7.60 50.28
4 7.60 same as "O"
4 1/2 7.57 -
5 7.57 -
5 1/2 7.60 -
6 7.60 -
6 1/2 7.58 -
7 7.58 -
7 1/2 7.60 -
Table E. 1 Dimensional Data for Hoop Specimen
The resulting mean thickness is 7.593 mm with a deviation of 0.3 percent. The
mean outside diameter is 50.285 cm with a deviation of 0.03 percent.
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APPENDIX F - HOOP BUCKLING CALCULATION
The following is the theoretical buckling predictions for the sandwich hoop
specimen based on the formulations of chapter 3.
Define material properties and dimensions:
Thickness and
outside radius t := 7.593-mm 502.852mm2
kpa k 1000
2
m'sec
Thickness
core t c:= 1.6-nmm
face t f:=t- t C
thickness proportion
Define modulus
distribution
Modulus
Ef:=29.8-10-psi
E c := 483300-psi
tc
- = 0.21 moduli proportion
Ef = 2.05-108 .kpa
E = 3.33-10 6 .kpa
Poisson's ratio
v f:= 0.3
vC :=0.4
Ef
-= 61.66
E c
tR:=R 2
solid ring D = E t
(reference) 12.(1- vff2 -p
sandwich
ring
Do = 8.24 -kpa-m3
D : 2
l-v 0-mm
D = 8.16-kpa m 3
Efface G f f2.(1 +v f)
Ec
core Gc :=
2.(1 +v C)
sandwich G:=
tf tc
Gf G c
G = 5.35 106 *kpa
For solid plate:
(2 - 1).D 0
P crREF 3
R3
n2- 1)D
SD-n2
S-R 2
P crREF = 1.6 3 10 *"kpa
Pcr = 1.6 103 .kpa p cr = 230.83 -psi
P cr 0.98
P crREF
Bending
rigidities:
D
- 0.99
D
o
S hear
rigidities are:
E(z).z2 dz
G
= 0.07
Gf
n :=2
S :=G.t
For sandwich
plate:
ratio:
110
E(z) :=E, I + i _ z>I . )>Ec 2
APPENDIX G - BUCKLING TEST DATA
The following tables list readings on all eight channels of the hoop specimen. Table
G. 1 indicates micro strain while G.2 lists the inverse of the strain-minus-mean quantity.
Pressure 0 1 2 3 4 5 6 7
0 0 0 0 0 0 0 0 0
206.9 43.8 42.0 38.6 41.3 42.9 42.7 41.1 39.8
413.7 84.0 85.7 79.8 83.1 85.4 84.6 82.4 82.1
620.6 127.4 127.5 124.0 125.9 127.6 127.7 125.8 124.8
827.4 174.4 169.3 160.6 166.7 169.9 170.9 164.4 161.5
1034.3 223.2 213.6 196.7 208.3 214.8 216.5 201.9 196.8
1241.1 266.8 261.2 236.0 240.6 255.5 247.6 244.1 240.3
1344.5 293.9 282.4 252.1 260.8 285.5 283.8 257.7 249.4
1448. 332.9 322.4 258.5 269.0 326.0 317.9 268.9 256.9
Table G. 1 Micro Strain vs. Pressure for Hoop Specimen
Pressure 0 1 2 3 4 5 6 7
(kpa)
206.9 0.440 2.105 -0.342 -4.444 0.727 0.851 -2.353 -0.580
413.7 1.633 0.432 -0.279 -3.478 0.497 0.825 -1.013 -0.777
620.6 0.941 0.860 -0.428 -2.286 0.792 0.734 -1.860 -0.650
827.4 0.139 0.479 -0.151 -1.951 0.372 0.271 -0.356 -0.175
1034.3 0.070 0.216 -0.081 -1.481 0.172 0.133 -0.141 -.082
1241.1 0.056 0.082 -0.076 -0.119 0.154 -0.708 -0.204 -.115
1344.5 0.0431 0.0855 -.0538 -0.101 0.0676 0.0763 -.0769 -.0470
1448. 0.0257 0.0353 -.0281 -.0399 0.0313 0.0420 -.0397 -.0269
Table G.2 Inverse of (micro) Strain minus Mean Stain vs. Pressure for Hoop Specimen
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APPENDIX H - MATHCAD SPREADSHEET HYBHUL2 FOR MODE
FAILURE PREDICTIONS OF A STIFFENED
SANDWICH SHELL INCLUDING THROUGH-
THICKNESS SHEAR
This appendix contains the spreadsheet HYBHUL2 which can compute all five
mode's performance factors based on the rigorous formulations of chapters 3, 4 and 5. It
is intended to be used on a hull with a symmetric, 3 layer sandwich shell composed of
isentropic layers. Thus, there is no distinction between properties in the x- and y-
direction.
TWO OPERATIONS
The spreadsheet can either be used to introduce and manipulate a core of variable
modulus or to simply treat the through-thickness shear rigidity as a variable while leaving
other properties alone. For the later operation, the core modulus must be set equal to the
face modulus while the shear multiplier is changed to alter the value in relation to that of a
solid plate of face material. Otherwise the shear multiplier is set at 1.00.
Refer to appendix B for general instructions on spreadsheet use, including internal
iterations and weight optimization.
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HYBRID HULL 2 PROGRAMME TO COMPUTE SUITABILITY
OF SUBMARINE DESIGN PARAMETERS. rev 1 Feb 19, 95
Ref: Pope SM Thesis, 1995
This programme computes the depth performance of a symetric, 3 layered sandwch shell
composed of isentropic layers and stiffened with circular frames. The following modes are delt
with: (all pertain to the parallel portions of the hull):
a. Interframe Buckling,
b. Interframe Yield,
c. General Instability, NOTE: Programme does own conversions
d. Frame Yield, and Thus none included in formulae.
e. Frame Instability.
ASSUMPTIONS: Thin shell theory used, face material same as frames, shell plate properties
in x and y directions equal. Core to face stiffness cannot be lower than 0.001.
LIVE INPUTS AND RESULTS ARE AT THE END Units note: the 'm' is eventually
used for wave number so define:
PART 1- INPUTS AND GENERAL CALCULATIONS
A. Inputs
Define input parameters
Operating depth: Dt := 400m
Density: kpa :=kg- (sec 2.m) -
water p:= 1027 kg
Material:(HY80):
yield stress y := 80000 bf
in2
11.1
Young's modulus Ef:=2.051011kpa
eccentricity: 0.50 De := e = 2.5-cm
100 2
Poission's ratio v := 0.3
density p st :=7.81 g
3m
------------------------------------ 
---
B. Preliminary calculations
Compute R: D
areas: 2
Rf:=R- t
2
core thickness
tf:=t-t c
t o := t.P c
standard frames
b :=t
Af :=twflw fl Aw:=t wh, frame:
th,Rg :=R t hR-2 2
A :=Afl+Aw
A = 149.6cm2
R= 5 metre
rame cdius: R = 4.659'metre
radius: cg
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metre := m
flange,web
frame cg
radius:
-----------------------------------------
C. Buoyancy ratio
Compute structural efficiency
(buoyancy ratio):
Rfl :=Rf- h w - tfl-0.5 R w :=Rf- hw-0.5
p.- R+-
2
1 1 A Pc
2-p* (R.tf+RwAw-+Rfl.-Af--+Rfl.3.- +--Rt
L L Ls Pst
A = 5.33
11.100= 18.763
A
D. Equivalent properties
BENDING RIGIDITIES:
For solid plate [A.11]:
Et 3
D :=
12 (1 - v 2)
define moduli through
the layers
For split plate:
D:=2
1- v2
Do =2.76310 *kpa.m D =2.761.10 *kpa-m3
Twist [A.11]:
2 EfE 1+
D := 0tEc. + - I z> Z2 dzz
SGin
Eftf+Ec'to
EXTENTIONAL RIGIDITIES [A.2]: A :=
1- v2
Transverse
(XY) [A.21]:
[A.1]
And our TT shear
rigidities are [A.20]:
2- (1 + v)
G:=
tf t
-- f --
Gf G c
(Ef t)]1z>-ýEc 2E(z) := Ec- 1+
*0.5t
m0in
lEf
kE
\c
S). .d
D = 1.93310 *kpa.m3
A = 1.071 100 -kpa.metre
ECG 1 +
2. (1+ v,
G 12 =7.099100 *kpa
G= 2.424,109 kpa
G
- =0.031
G 2 = 0.9
Gf
[A.24]
Sxy :=Gl2t
Adjust TTSR SM = 1
if desired: S := GtSM
Equivalent
thicknesses:
Equivalent
moduli:
bending [2.2]: teq : D 0.5
2 0.5
bending [2.1]: Eeq 1- .
Isentropic layers therefore:
S = 1.28& 1• kpa.m
extension [2.3]: te := (Eftf+ Ec-t c
eEf
extension [2.4]
E :=Ee
Ee :=. (Eftf+Ec-t c)
E x:=E
e
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A "-t ·U
.
G2: t (Gft f+ GOC't c)
Gf
PART 2- INTERFRAME BUCKLING Safety factor is (2.25 normal): SF ib :=2.25
Pressure loading is: PP :=p'-g-DtSFib PP = 9.064106 *kpa
wave numbers: m := 1 axial: ma
Define the coefficients of the
equilibrium matrix[3.48 to 3.56]: A
4 2 2 2 2 1 2A 2 1 :=D3 4+ v'D' 2"a2 + D-y " 2"a2- D'-I "
circumferential: n0 =
4 2 2 2 2 1 2
ll:=Da 4+ vDa +D a - vDl.aR2
A 13 :=-v'DpDBa 2 - "Dy. -a
A 22 :=- v'DB
2 a - 21 D XYa-02
A 2 3 :=- SP - Dp - D - -a
A 3 1(P) :=--
R
D 2 R2 2
v.--a -P.-a - P.R.2
R2 2
+[Da4+ (v.D+ 2-Dxy+ v.D).12 .a2 + D.4] +
+ I- v - 2-v- A
A32:=-D-a- (v.D+±D X).I 2.a A 33:= [-D03 (v-D+ D y)..a2]
Set up the coefficient matrix [3.47]:
A 11 -R A 12 A 13
f(P):= A 2 1-R A 22 A 2 3  n13
A 3 1(P)-R A 3 2 A 3 3
the root is the
critical pressure: PcLB :=B
The guess for
the root is:
Now we use the
root solver to get
the pressure:
The root is:
P :=4.510 .kpa
B :=root/•(P)
B =9.244 10 .kpa
loading: PP= 9.06410 *kpa
critical
pressure: P cLB =9.2 44,106 -kpa
PERFORMANCE
FACTOR
LT D
PP
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4S (1
22 2 S XY0
a- +
A
SIB = 1.02
3 1
PART 3 - INTERFRAME YIELDING Safety factor is (1.5 normal):
A. Deflections
Pressure loading is: PP:= p.g.D t
PP = 4.029 106 kpa
ENSURE: P-R =5.752104 lbf in - <
applied pressure:
S = 7.309 05 *lbf.in 1
12 E e 
.tSD
P := 4.029106 kpa
Define Shear Influence
Parameters:
[4.28],[4.29],
[4.36],[4.37]:
V1 = 0 .9 2 1  r2 =0.0 8 3
¥ 3 = 0.026 P4 = 0.186
Determine roots
[4.38]:
44 (2
1 = 0.025 +0.025i *cm
\21
1)]_
,31)
S 2 1)2
1 3 = 0.025 - 0.025i *cm-
RA eff :=A.
Rcg
Frame stiffness [4.49]: Efk := (A eff bt)
R2
Solve for deflection amplitudes [4.58]:
F :=
- 13 2) sinh 3' L +
D+k ( 2 L+ k 1- S 3 .cosh 13'2
[4.48]:
-F-1 3-sinh 13- 2
B 2
1 -sinh 1 dl i2
Compute bending and shear deflections
[4.55] and [4.56]:
Wbi := (Bcosh ( lx) + F-cosh( 3.x)) + P( 1
-D(B
w
The amplitudes
are:
F =-0.4676- 0.48415i -mm
B =-0.4676+0.48415i *mm
SET: C := 0.cm set up an indicies for
graphing:
E. -t
-y
12• (I Y,1) + F-1 32.cosh (1 3,))+ C
i :=0.. 10 iL
1 10 2
Total deflection:
wi := b. + Ws.
1 I
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SFiy := 1.5
P-R
2-S
P-R2 V 2
13= 2
E 1 2
Ee' t -D ' y 1
Ee't5 )
4 R2-D- 1
effective
area [4.50]:
1 - D
S
Sk. cosh (
\ .2
14
"3 :=- ." 3-t
V
-P. I- -2
The Deflections across the span are:
w =
8.102
8.073
7.987
7.846
7.655
7.421
7.155
6.869
6.58
6.31
6.085
m rm Wb=
7.85
7.828
7.761
7.653
7.511
7.342
7.16
6.979
6.818
6.701
6.655
WM :=Wo WF :=Wio
0.2521
0.245
0.226
0.193
0.144
0.079
-0.005
-0.11
-0.238
-0.391
-0.57
U.uvl
0 0.5
X.
1
0.006
0 0.5 1
X.
B. Stresses
At MID-BAY [4.67-70] :
-P.R t ( 2
Omo:= - +-Ef t - B-1 1 2+F-1 3
S-PtR t I2 2)
2te 2.(1 v2)
-EfWM P-R t 2 2
mo := -v- + vEf BI +F1 3R I2t e 2(1- v2)
-EfWM P.R .Ef t (B. F.2)
R It ,e 21 - V2)
AT THE FRAME [4.71-74]:
a o:= E 2 1v2) . B-1 1 2. c 1.L +F. 13 2. sh 13\2
P-R
2-t
t 2 L 2 L P-R
Sxfi :=-El t- B-. 1 2.osh 1 - + F-1L 3 .cosh 1 3'
2-(1 v 2) 2 2 2-te
Smo = -2.813108 -kpa
u xmi=-1.424, 108 *kpa
Symo =-4.16610 *kpa
Symi = -3.749108 *kpa
a xfo =-5.476 107 kpa
Sxfi= - 3 .69'108 kpa
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0.008
bi 0.007
0.006
*mm'm w =
w "i
0 0.5
(x) i
0.01
Wi 0.008
-EfWF P-R t
a yfo := - - .+ v.Ef 2 - B-1R 2t e 2.1 2)
2( L1 cosh X I * -
2 L
+ F-1 3 .cosh 1 3)
Syfo =-2.65910O *kpa
-EfWF
yfi:- R P-
R  
v-Ef t ( B
2t e 2-.(1- v2)
1
2
-cosh L 2 L
-- + F-1 32 cosh (1 3-)
2=3.6018 2 kp
a f = -3.602 10 *'kpa
The criteria for failure in this mode is the von Mises stress at mid-bay:
1 ymo
02'"xmo IY:= l1
Applied pressure:
Adjusted pressure:
Depth pressure:
P = 4.02910 -kpa
Pa P
a IY SF iy
-ao 2+ ( 2)2 ]2
a IY = 3.681 10s kpa
P a = 4.025106 *kpa ##### iterate "applied" until same
PP=4.02910 *dkpa Y = 1.498
PERFORMANCE
FACTOR
as "assumed", this ensures that
FS = 1.5 exactly
SIY = 0 .9 9 9
P
PP
PART 4 - GENERAL INSTABILITY Safety factor is ( 3.75 normal ):
Pressure loading is: PP := p-gD tSF gi
PP = 1.511 107 kpa
applied
pressure: P :=1.51110 7.kpa
Compute clear length:
Define Shear Influence
Parameters:
[4.28],[4.29],
[4.36],[4.37]:
P-R
91 =1-- 2.S
1Y EytD (
• 2 P.R3.S
P.R2 ý 2
S2
CHECK: P-R = 3.777 107 kpa-metre
2
1.28S = 1.2810 *kpa-metre
Determine roots
[4.38]:
S 4
t
4 R2 1R2-D-i 1I
12
S2
' 1 =0.705 2 = 0.389
3 =0.533 4 =0.199
4X4
3= - - 3-
1
12
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Principle
stresses:
SF gi :=3.75
E t-D- 1
The roots are: I 1 = 1.818+3.294i "length- S3 = 1.818- 3.294i 'length -
COMPUTE DEFLECTION AMPLITUDES:
[4.58] -P- 1-
1 -
[4.48] -F-1 3-sinh 1 3
B:=
The effectinh is [5.51:
The effective length is [5.5]:
The deflection
amplitudes are:
F =-0.33443- 3.43832i *mm
B = -0.33443+3.43832i 'mm
D 2
1)sinh -l 1-L)2
-cosh 14 1L) + F. 1 D 2 1_-1 3 -cosh -. IS 2
3L
3YL)
L ef = 0.472"metre
Leftf- = 0.378
L
Effective plate area [2.24]: A eff :=Leffte
2•Frame-plate neutral axis(ref web centre+ toward flange):
Moments of inertia for plate,
flange,web:
Corrected moments of inertia:
Ipcor :Ip + A ef t+h
Iwcor :=Iw + A w'(y a) 2
Theoretical critical lobe Long
number value is:
m:=1
J na .
-A eff2
Aeff PA w 'Afl
3L ef-t D
I P
12 Do
Ificor :Ifl+ A
Total: I eff: I pcor + Iwcor+ Iflcor
itudinal:
R
I.-
3W flt fl
12
Sna -10.63 cm
3
t w-h w
I 1212
tfl+
2
I eff = 1.3878 105 cm
Circumferential:
m = 0.768 *SET* n:=nGI
119
(kR2
E At
.7
D
S
I DS
SLeff :=2.
B. 1-
I A
2-D-1 3' 1 ;2 3 2sinh( 3" L
2
D2 L+ k 1- .-13 -cosh 13_S 2
D 1
_13 -sinh - XS 2
The critical
pressure is [5.6]:
Applied pressure:
Critical Pressure:
E 't 4
D eqeq m
R 2 2 2 2)2
+ -+ n +m)2
P = 1.511 107 *kpa
P cGI= 1.5 29 107 -kpa
P
- 0.988
P cGI
PERFORMANCE
FACTOR:
n 
_1).EfI eff
R.R?.L
#994 iterate "applied" until same
as "critical", this ensures that
FS is met exactly
P cGI
SGI PP 7 GI= 1.012
PART 5 - FRAME YIELDING
A. PARAMETERS
Pressure
loading is:
Safety factor is:
PP:= p.gD t  app
PP = 4.029 10 -kpa P :=
Radius to frame/shell NA: Rfna :=R- t hw Y na2 2
COMPUTE DIRECT STRESS:
Area ratios:
A R- t-0.5
P Lt Rfna
a9 = 0.232
tw
L
p f= 0.016
SFfy := 1.5
ilied pressure:
:4.02910 .kpa ###
= 4.863*metre
Pressure
ratio [2.19]:
P R 2r := P R 2 [3.(1- V2) 2
eq t eq
r = 0.154
The roots are: 1
p)
The slenderness parameter is [4.77*]:
1
n2 .2
0 := L-(Rt 10.25
(R t)2 lp I
n 1 = 0.46
n 2 = 0.537
0 =3.413
The F1 function is:
4F 1 := -
0
Stress
adjuster: SA := 1 - a p+ f+ (1- if).F 1
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F 1 = 0.561
SA = 0.71
------- ------- ------- ------- ---- -- ------ -- ---
r n
R f
1 1
B. Stresses (V ( t !2
Direct: direct 2 2 SA
t( R -
- h2 w-t fl
Compute bending stress due to eccentricity:
abend
2R t hw22 2
-P)2 P cGI- P
Y na Totb
o direct = 2 .5 2910 *kpa
Shell-frame t
length: 2
abend = 1.14 9 10 *kpa
al stress: a f := o direct + o bend
Applied pressure:
Adjusted pressure:
Depth pressure:
P = 4.02 1kpa fr = 3.6 7 l 1o0 -kpaP =4.029106 .kpa
a
Pa'- Y P
a ft SF fy
PP = 4.029106 *kpa
P a = 4.02106 dkpa
PERFORMANCE
FACTOR
#### iterate "applied" until same
as "adjusted", this ensures that
FS is met exactly:
Pa
7 FY- PP SFY= 1
PART 6 - FRAME INSTABII
A. Preliminary Calcs.
Area of
plate:
LITY Safety factor is:
Pressure loading is: PP := p.g.D t" SF fy
tfl hw t hw
- + 2 -Af-- + 2 -A2 2i· 2 2 i·
Ap :=t e-L
Frame-plate neutral axis
(ref web centre+ toward flange): y na2 Ap Aw+A fl
Fy := 1.8
PP =7.251*106 *kpa
Sna2 =-17.423-cm
Moments of inertia for plate,flange,web
(I proportional to D) [2.5*]:
Correct the individual moments
from the NA:
Ipcor :=Ip+Ap- 2 +Yna2
Lt3  D
12 IDP t 1 2 \Do31 I I = 1.53210 cm
I wcor := I+Ayna 2 2
Then total plate, frame moment
of inertia is:
Diameter
to NA is:
I:= I pcor + I wcor + I floor
Da :=2.R- t- h - 2-y na2
-h t fl
Iflcor Ifl+A -l. + y na22 2
I= 1.744 105 cm
D = 9.863*metre
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Bending
stress:
-----
Ef.e- (n2- 1)
S
B. PRESSURE
Compute pressure
limit:
25.EfIP cH D FI L
DnaL
PERFORMANCE
FACTOR:
Pc = 7.4 54 '10 "kpa
PcFI
Y FI'- PP
PART 7- INPUTS AND RESULTS
A. User Parameters
1Core proportion: Pc Core Modulus:
10
Shear Multiplier: SM 1 0 Core Poisson's
4M
shell diam
frame spacing
bulkhead spacing
shell thickness
DlOm
L- 1.25m
L s20.45m
t 52.Smm
Ec ()• (2.0510U.kg-- I.sec-• )
ratio, density:
vc =0.3 pC 2.610 kg
3m
flange thickness
flange width
web thickness
web height
tfl= 3 .5 0cm
W 18.0cm
t w=2.0cm
h w43.3cm
B. Results Summary
MODE PERFORMANCE FACTORS:
BUOYANCY
RATIO:
1
--100= 18.763
b
Interframe buckling
Interframe yield
General instability
Frame yielding
Frame instability
Y7 B = 1.02
T Wy= 0.9 9 9
7 GI= 1.012
7 FY= 1
y = 1.028
n= 13 ### Iterate this value until the
lowest factor is found
n GI 2 ### Iterate this value until the
lowest factor is found
END.
122
y = 1.028
I- - -- - - ---I  -------------- - - - - - - - -
UI---~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I LI ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~YCI·C
